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Abstract

We develop a model of real investment and cash holdings in which firms face uncertainty
regarding their ability to raise funds in the capital markets and have to search for investors
when raising outside capital. We provide an explicit characterization of the optimal investment,
cash management, and dividend policies for a firm acting in the best interests of incumbent
shareholders and show that capital market supply frictions have first-order effects on corporate
behavior. We then use the model to explain a key set of stylized facts in corporate finance
and to generate a number of novel testable implications relating the supply of funds in capital

markets to corporate policy choices.
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1 Introduction

Following the seminal contribution of Modigliani and Miller (1958), standard valuation models in
corporate finance implicitly assume that capital markets are frictionless so that firms are always
able to secure funding for positive net present value (NPV) projects and cash holdings inside the
firm are irrelevant. This traditional view has recently been called into question by a large number of
empirical studies.! These studies document that firms often face uncertainty regarding their future
access to capital markets and that this uncertainty has important feedback effects on corporate
decisions. They also reveal that the resulting liquidity risk has led firms to accumulate enormous
piles of cash over the past decades in response to the increase in idiosyncratic volatility, with an
average cash-to-assets ratio for U.S. industrial firms that has increased from 10.5% in 1980 to 23.2%

in 2006 (see e.g. Bates, Kahle, and Stulz, 2009).

While it may be clear to most financial economists that capital market frictions can affect
corporate policy choices, it is much less clear exactly how they do so. In this paper, we develop a
dynamic model of dividend, financing, and investment policies in which the Modigliani and Miller
assumption of infinitely elastic supply of capital is relaxed and firms may have to search for investors
when raising outside funds. With this model, we seek to understand whether and when capital
supply uncertainty affects corporate investment. We are also interested in determining the effects
of capital markets frictions on corporate financing and dividend policies, i.e. on the firm’s decision
to pay out or retain earnings and the firm’s decision to issue new securities. By answering these
questions, our study aims at understanding whether the supply of capital corresponds to a separate

channel through which market imperfections affect corporate behavior.

In order to aid in the intuition of the model, consider the following two settings in which capital

supply uncertainty and search frictions are likely to be especially important:

1. Public equity offerings and capital injections for private firms: Firms first sell their
equity to the public through an initial public offering (IPO). One of the main features of
public equity offerings is the book building process, whereby the lead underwriter and senior

firm management travel around the country looking for investors. The main objective of this

!See for example, Kashyap, Stein and Wilcox (1993), Gan (2007), Becker (2007), Massa, Yasuda, and Zhang (2010),
Duchin, Ozbas, and Sensoy (2010), Almeida, Campello, Laranjeira, and Weisbenner (2010), Campello, Graham, and
Harvey (2010), Lemmon and Roberts (2010), and Choi, Getmansky, Henderson, and Tookes (2010).



time consuming process is to search for investors until it is unlikely that the issue will fail.
Yet, the risk of failure is often not eliminated and a number of IPOs are withdrawn every
year. For example, Busaba, Benveniste, and Guo (2001) show that between the mid-1980s
and mid-1990s almost one in five IPOs was withdrawn. Evidence from more recent periods
suggests that this fraction has increased to over one in two in some years (see e.g. Dunbar
and Foerster, 2008). Search frictions are also important for firms that remain private but
need new capital injections and must find investors. Indeed, while the initial capital that
is required to start a business is usually provided by the entrepreneur and his family, few
families have the resources to finance a growing business. When a private company decides to
raise private equity capital, it must search for new investors such as angel investors, venture
capital firms, or institutional investors. Even when initial outside investors are found, the
firm will need to search for additional investors in every subsequent financing round (e.g.

second round venture capital), facing here again a significant risk of failure.

2. Financial crises and economic downturns: Search frictions are also important for large,
publicly traded firms when capital becomes scarce, i.e. during a financial crisis or an economic
downturn. The recent global financial crisis has provided a crisp illustration of the potential
effects of capital supply (or liquidity) dry ups on corporate behavior, with a number of studies
(e.g. Duchin, Ozbas, and Sensoy (2010) or Almeida, Campello, Laranjeira, and Weisbenner
(2010)) documenting a significant decline in corporate investment following the onset of the
crisis (controlling for firm fixed effects and time-varying measures of investment opportuni-
ties). A survey of 1,050 CFOs by Campello, Graham, and Harvey (2010) also indicates that
the contraction in capital supply during the recent financial crisis led firms to burn through

more cash to fund their operations and to bypass attractive investment opportunities.

Our analysis starts with the observation that when capital supply is uncertain, real investment
and survival may depend on a firm’s cash holdings. As a result, firms will choose their dividend
and retention policies so as to match the future financing needs associated with these two motives,
anticipating future financing constraints. To illustrate the implications of this observation for cor-
porate policy choices, we consider a firm with assets in place that generate a continuous stream of
stochastic cash flows and a real option to expand operations. The firm is financed with common

equity and has the possibility to exercise its real option at any time. While standard corporate



finance models assume that capital markets are frictionless, we consider instead an environment in
which the firm faces uncertainty regarding its ability to raise funds and has to search for investors
when raising outside financing. Based on these assumptions, the model yields an explicit character-
ization of the value-maximizing investment, dividend, and financing policies for a firm acting in the
best interests of incumbent shareholders and shows that capital supply uncertainty has first-order

effects on corporate decisions.

In the model, the firm maximizes its value by making two interrelated decisions: How much
cash to hold and whether to finance investment with internal or external funds. That is, the firm
can retain earnings or raise outside funds and can be in one of three equity regimes: positive
distributions, zero distributions, or equity issuance. If there are no frictions in the capital markets,
then firms can raise instantly as much capital as they want and there is no need to safeguard
against future liquidity needs by hoarding cash. This is the traditional assumption of the theoretical
literature. With capital supply uncertainty, firms find it optimal to hold cash for two motives. First,
cash holdings can be used to fund profitable projects when outside funds are unavailable. Second,
cash holdings can be used to cover operating losses and avoid inefficient closure.? Holding cash
nonetheless is costly because of the lower pecuniary return of liquid assets inside the firm. Firms

therefore choose their payout policy to balance the benefits of cash holdings with their costs.

The analysis in the paper allows us to derive the value-maximizing level of cash holdings and
to relate it to a number of firm and industry characteristics. We highlight the main empirical
implications. Consistent with Opler, Pinkowitz, Stulz, and Williamson (OPSW, 1999), our model
predicts that cash holdings should increase with cash flow volatility since an increase in volatility
leads to an increase in the risk of inefficient closure. The model also predicts that firms with more
tangible assets (i.e. firms with a higher liquidation value) should have lower cash holdings and a
greater propensity to invest out of internal funds. This prediction results from the fact that an
increase in the liquidation value of assets leads to a drop in the cost of inefficient closure. Another
interesting prediction of the model is that firms should always increase their cash buffer when
raising funds from outside investors. This prediction is consistent with the evidence in Kim and
Weisbach (2008) and McLean (2010), who find that firms’ decisions to issue equity are essentially

driven by their desire to build up cash reserves.

2While our basic model considers that it is costless to issue securities, we introduce issuance costs in Section 5,

thereby providing an additional motive for holding cash inside the firm.



Another novel prediction of our model is that cash holdings should be used to cover operating
losses rather than to finance new investment, consistent with the large sample studies of OPSW
(1999) and Bates, Khale and Stulz (BKS, 2009) and with the survey of Lins, Servaes, and Tufano
(2010). A direct implication of this result is that cash holdings represent essentially a risk man-
agement tool aimed at insuring the firm against potential losses. In fact, we also find that when
there is a large benefit to investment (when the NPV of the growth option is large) or when the
opportunity cost of not investing is large (i.e. when cash flow volatility is high), it is optimal for

firms to accelerate investment with internal funds.

The model also generates a number of predictions relating capital supply to firms’ decisions.
For example, we find that firms hold more cash when their access to external capital markets is
more limited or when issuance costs of securities are larger, in line with OPSW (1999) and BKS
(2009). Another prediction of the model is that negative shocks to the supply of capital should
hamper investment even if firms have enough slack to finance investment internally. Finally, we
find that financially constrained firm may want to engage in risk increasing strategies, in contrast

to the results in Froot, Scharfstein, and Stein (1993).

The present paper relates to several strands of the literature. First, it relates to the real options
literature, in which it is generally assumed that firms can instantaneously tap capital markets and
finance their capital expenditures by diluting equity at no cost or by issuing debt (see Dixit and
Pindyck, 1994, for an early survey and Tserlukevich, 2008, Manso, 2008, Morellec and Schuerhoft,
2010, or Carlson, Fisher and Giammarino, 2010, for recent contributions). In these models, it is
never optimal for firms to hold cash (whenever there is a cost of holding cash) and firms may end

up raising funds infinitely many times from outside investors to cover temporary losses.

Second, our paper relates to the growing literature on costly external finance (see Décamps,
Mariotti, Rochet, and Villeneuve, 2008, or Bolton, Chen, and Wang, 2010, for recent contributions).
In this literature, firms generally face constant investment and financing opportunity sets. One
direct consequence of this assumption is that, depending on whether the costs of external finance
are high or low, firms either never raise external funds or are never liquidated. In addition, when
the cost of external finance is low, it is optimal to raise external funds only when the firm’s cash
buffer is depleted. That is, firms never simultaneously hold cash and raise external funds and they

only tap external capital market following a series of negative shocks. One key difference between



our analysis and prior contributions is that we propose and solve a dynamic model in which firms
find it optimal not only to have cash holdings but also to raise funds (in discrete amounts) from
outside capital markets on a regular basis, consistent with the evidence in Fama and French (2005).
We then use this model to generate a rich set of testable predictions about firms’ cash holdings,

financing, and investment policies and the use of cash holdings in corporations.

Finally, our model is related to the study of Décamps and Villeneuve (DV, 2007), who examine
the optimal dividend policy of a firm that has no access to external funds and owns a growth
option to invest. DV show that in such environments it is optimal for the firm to pay out dividends
so as to prevent its cash buffer from exceeding an endogenously determined threshold. In their
analysis, DV assume that the firm can never raise outside funds and that investment is irreversible
in that the liquidation value of assets is zero. As shown in the present paper, these assumptions
have important implications for firms’ policy choices. Notably, we show that in the limit in which
investment becomes costlessly reversible or in which access to outside capital is unrestricted, it
is no longer optimal to hold cash. In addition, while the firm may decide to abandon its growth

option for low levels of the cash reserves in DV, it is never optimal to do so in our setup.

Before proceeding, it should also be noted that the capital market frictions we model are in
some respects similar to the financing constraints studied for example by Almeida, Campello, and
Weisbach (2004) and they have some of the same implications. Models of firm behavior based
on financing constraints usually predict that agency conflicts between firm insiders and outside
investors may prevent firms from raising enough capital to finance positive NPV projects and lead
them to hoard cash. One important feature of these models is that they generally focus on a single
motive for holding cash, namely the risk of underinvestment. In addition, only demand factors
explain variation in the firm’s cash holdings in these models, where demand factors are any firm
characteristic that raises the net benefit of cash. In our model, firm behavior can only be explained
if one takes into account both demand (firm) and supply (market) factors. In addition, cash reserves

serve two motives: financing investment and hedging negative cash flow shocks.

The remainder of the paper is organized as follows. Section 2 presents the model. Section 3
derives the optimal dividend and financing policies for a firm with no growth option when capital
supply is uncertain. Section 4 allows the firm to invest in a growth option and derives the value-

maximizing financing, investment, and dividend policies in this context. Section 5 extends the



model to consider issuance costs and time-varying capital supply. Section 6 concludes. The proofs

are gathered in the Appendix.

2 Model and assumptions

Throughout the paper, agents are risk neutral and discount cash flows at a constant rate p. Time
is continuous and uncertainty is modeled by a complete probability space (2, F, P; F'), with the
filtration F' = {F; : t > 0} satisfying the usual conditions.

We consider a firm with assets in place and a growth option. Assets in place generate a
continuous stream of cash flows dX; before investment as long as the firm is in operation. In
particular, we consider that the cumulative cash flow process (X¢):>0 at any time ¢ before investment

is given by:

t
X = / (pods + odBy),
0

where B is an F-Brownian motion and (ug, o) are constant parameters representing the mean and
volatility of the firm cash flows (a similar specification is used in DeMarzo and Sannikov, 2006, or
Gryglewicz, 2011). The growth option allows the firm to increase its income stream from dX; to
dX: + (u1 — po) dt, where py — pp > 0 determines the growth potential of the firm. The cost of

investment is constant and denoted by K. The firm has full flexibility in the timing of investment.

Although its assets may be operated forever, the firm can also choose to abandon them. In
the model, abandonment occurs either if the firm finds it optimal to liquidate or if its cash buffer

reaches zero following a negative shock to cash flows (i.e. if the firm is in distress). We consider that

the liquidation value of assets is ¢; = ‘P;f L where ¢ € [0,1] and 1 — ¢ represents a haircut related
to the partial irreversibility of investment. When ¢ = 0, investment is completely irreversible
and the liquidation value of assets is zero. By contrast, when ¢ = 1, investment is costlessly
reversible and there are no market frictions. In the analysis below, we denote by 7y the firm’s
stochastic liquidation time and consider that investment is at least partially irreversible in that
¢ < 1. This partial irreversibility may arise for example from transaction costs, from installation

(and des-installation) costs, or from the firm-specific nature of capital.

Management acts in the best interests of shareholders and seeks to maximize shareholder wealth

when making policy choices. In the model, management selects not only the firm’s investment



policy but also its payout, cash management, financing, and liquidation policies. Notably, we allow
management to retain (part of) the firm’s earnings inside the firm and denote by C; the amount of
cash that the firm holds at any time ¢, i.e. its cash buffer. (In the following, we use indifferently
the terms cash buffer, cash holdings, and cash inventory.) Cash holdings earn a constant rate of
interest r < p inside the firm and can be used to fund capital expenditures or to cover operating
losses if other sources of funds are costly and/or unavailable. The difference between p and r can
be interpreted as a carry cost of cash.® This cost implies that it is optimal for the firm to start

paying dividends when its cash buffer becomes too large.

The firm can increase its cash holdings either by retaining earnings or by raising funds in the
capital markets. A key difference between our setup and previous contributions is that we consider
that it takes time to secure outside financing and that capital supply is uncertain. In particular, if
the firm decides to increase its cash buffer or to finance the capital expenditure by raising outside
funds, then it has to search for investors.* In the analysis below, we assume that conditional on
searching the firm meets outside investors at the jump times of a Poisson process N with arrival

rate ()\t)tzo. Under these assumptions, the dynamics of the firm’s cash reserves are given by
dCt = (T‘Ct_ + uo)dt + O'dBt — d_Dt + ft_dNt — 1{t:T}K + ].{Tgt}(,ul — /,Lo)dt,

where T is the time of investment, f is a nonnegative process that represents the funds raised by
the firm upon finding investors, and D is an increasing process with initial value Dg_ = 0 that
represents the cumulative dividends paid to shareholders. The firm’s cash inventory thus grows
with earnings, with outside financing, and with the interest earned on the cash inventory, and
decreases with payouts to shareholders and with the cost of investment. As we show below, this
specification is flexible enough to accommodate both the case of private firms and the case of large,
publicly traded firms for which capital supply may be temporarily limited during a financial crisis

or an economic downturn.

3The cost of holding cash includes the lower rate of return on these assets because of a liquidity premium and tax
disadvantages (Graham (2000) finds that cash retentions are tax-disadvantaged because corporate tax rates generally
exceed tax rates on interest income). This cost of carrying cash may also be related to a free cash flow problem

within the firm, as in Décamps, Mariotti, Rochet, and Villeneuve (2008) and Bolton, Chen, and Wang (2010).
4A growing body of literature argues that assets prices may be more sensitive to supply shocks than standard

asset pricing theory would predict. Search theory has played a key role in the formulation of models capturing this
idea (see e.g. Duffie, Garleanu, and Perdersen, 2005, Vayanos and Weill, 2008, or Lagos and Rocheteau, 2010). Duffie

(2010) provides an early survey of this literature.



As documented by a series of recent empirical studies, capital supply conditions are very impor-
tant in determining firms’ financing decisions, the level of cash holdings, and the level of corporate
investment (see the references in Footnote 1 above). These studies also show that firms often face
uncertainty regarding their access to capital markets and that this uncertainty has important feed-
back effects on their policy choices. Our model captures this important feature of capital markets
with the stochastic process (At)tzo’ that governs the arrival rate of investors (in general, this arrival
rate may depend on both firm characteristics and the supply of funds in capital markets). In the
following, we start by analyzing a model in which the arrival rate of investors is constant, given
by A > 0, so that the probability of finding investors over each time interval [t,¢ 4 dt] is Adt and
the expected financing lag is 1/\ (years). Section 5 considers an environment with time-varying
capital supply, thereby allowing a study of the effects of capital supply uncertainty for large firms,

and shows that our main economic results are unaffected by this extension.

A comparison with some special cases to our setup illustrates how capital supply uncertainty
affects firm value and corporate policy choices. When A = 0, firms cannot raise funds in the capital
markets and have to rely exclusively on internal funds to cover operating losses and to finance
capital expenditures. This is the environment considered for example in Radner and Shepp (1996),
Décamps and Villeneuve (2007), and Asvanunt, Broadie, and Sundaresan (2007). By contrast,
when A\ — oo, capital markets are frictionless and firms can instantly raise funds from the financial
markets whenever optimal to do so. In that case, the firm has no need for a cash buffer and
finances both operating losses and capital expenditures by (costlessly) issuing new equity. This
is the environment considered for example in Manso (2008), Tserlukevich (2008), Morellec and

Schuerhoff (2010), or Carlson, Fisher and Giammarino (2010).

REMARK: While our model could be interpreted as standard investment model with a stochastic
investment lag, we show below that the effects of capital supply uncertainty on the firm’s optimal
policy choices are markedly different from those of investment lags (see e.g. the extension of Dixit,
1989, by Bar-Ilan and Strange, 1996). Most notably, with investment lags and access to outside

capital, it is optimal for the firm to distribute all earnings and there is no role for cash holdings.

With capital supply uncertainty, the problem of management is to maximize the present value

of future dividends to incumbent shareholders:

70
E. [ / e P (dDy — fi—dNy) + e "™ (lo + Lrysry (60 — o)) |
0

8



by choosing appropriately the firm’s dividend (D), financing (f), and investment (7") policies. The
first term in this expression represents the present value of dividend payments to incumbent share-
holders until the liquidation time 79, net of the claim of new (outside) investors on future firm cash
flows. The second term represents the present value of the cash flow to shareholders in liquidation
(which depends on whether liquidation occurs before or after investment). Because management
optimizes dividend policy and can always decide to pay a liquidating dividend, liquidation will
occur when the cash buffer reaches 0. As a result, management only needs to optimize over D and

T. In what follows, we denote by V : [0,00) — [0, 00) the value function of this problem.

3 Value of the firm with no growth option

To facilitate the analysis of the firm’s optimization problem, we start by deriving the value of the
firm when there is no growth option and the cash flow mean is yu;, denoted by V;(¢). This function

also gives firm value after investment if we set the cash flow mean to p;.

When there is no growth option, the firm can follow one of three strategies: (1) pay dividends,
(2) retain earnings and search for outside funds, or (3) liquidate. In order to solve the firm’s
optimization problem, we conjecture (and later verify) that there exists a threshold C for cash

holdings such that the value-maximizing dividend and financing policies can be described as follows:

(a) When ¢ < C} the firm should retain earnings, search for outside investors and increase cash

holdings to the level C* upon finding investors;
(b) When ¢ > C7 the firm should distribute all cash holdings in excess of C;.

We shall now prove this result. Since the firm’s initial cash holdings can be above the threshold

C7, the value of the firm under the conjectured strategy is given by:
Vi(e) = c— C + Vi(C}), for ¢ > C7, (1)

implying that it is optimal to distribute all cash holdings above C; with a specially designated
dividend or a share repurchase. Below the threshold C7, the optimal policy is to retain earnings

and the value of the firm with no growth option satisfies the ordinary differential equation (ODE):

02
pVi(e) = Vi(e)(re+ i) + 5 Vi'(e) + AVA(CY) = CF + ¢ = Vi(e)]. (2)



The left-hand side of equation (2) represents the required rate of return for investing in the firm.
The right-hand side is the expected change in firm value in the region where the firm does not
pay dividends. The first term captures the effects of cash savings on firm value. The second
term captures the effects of cash flow volatility on firm value. The third term reflects the effects
of capital supply uncertainty on firm value. This last term is the product of the probability of
obtaining outside funds, A, and the surplus accruing to shareholders when raising the cash buffer

from its current level c to its optimal level C}.

The above ODE describes the dynamics of firm value when it is optimal to retain earnings and
search for outside funds. When the value of the cash buffer becomes too large, it is optimal to
start paying dividends. Similarly, when the cash buffer reaches zero, the firm is liquidated. We

thus have the following boundary conditions:

Vi(0) = &, (3)
lim Vi(e) = Vi(CF), (4)
1%151 Vi(c) =1, (5)
lim V/(c) = 0. (6)

crCr
The first boundary condition reflects the fact that the liquidation value of the firm’s assets is
l; = % and that liquidation occurs when the cash buffer reaches zero. The second condition
requires the value function in the retention region to merge with its value at the level of the cash
buffer C; where the firm starts paying dividends. The third boundary condition reflects the fact
that the firm distributes all cash holdings beyond C} in a minimal way, implying that the marginal
value of cash holdings at that point is 1. The last condition is a high-contact condition that allows

us to determine the value maximizing payout threshold C;.
To describe the solution to the firm’s problem, we need to introduce the following notation. Let

Fi(w) = M(=0.50;0.5; = (ra + )/ (07r)), (7)
T+ [

a/r

where v = (p+ \)/r and M is the confluent hypergeometric function (see Abramowitz and Stegun,

Gi(z) = M(=0.5(v — 1); 1.5; —(rx + )2/ (0?r)), (8)

1970, Chapter 15). Solving the firm’s problem yields the following result:

10



Proposition 1 There exists a unique level for the cash buffer C; that maximizes the value V; of a

firm with no growth option, for i = 0,1. This optimal cash buffer is the unique solution to

RO AL A ((r=p)C] + i o,
w(COF0) - Bi(CHG0) + 2 (LG, )y,

where the functions a;(c) and B;i(c) are defined by
a —Gi () (p—r) (9)
2031 (p+A—7) (p+ ) em(7*n) 7 (rCHu)*
r

_ R 1) |
2073 (p+A—1)(p+A) e—(02r) 7 (rCpi)®

a;(c)

Bi ()

For any level of the cash buffer ¢ < C}, the value of a firm with no growth option is

() = s (O E (&) — B (CF) G A (OF) 4o OF g HiTTC
Vile) =i () R (€)= (€D Gl + oy (Vi) + e o ),

where firm value at the optimal cash buffer satisfies
vi(op) =T
p
The expression for the value of the firm in Proposition 1 can be interpreted as follows. The first
two terms of equation (11) represent the present value of the cash flows accruing to shareholders
when cash holdings reach 0, at which point it is optimal to liquidate the firm’s assets, or when they
reach C7, at which point it is optimal to start paying dividends. The last term on the right hand
side of equation (11) reflects the effects on firm value of the change in the cash buffer due to the

arrival of outside investors. In particular, we have

A

E, [e‘pe (Vi(CP) —CF + Ce)} PN

<%(0;) be—Cr 4 ’””)

prA—T
where 6 is the (random) time at which the firm raises capital from outside investors and increases

its cash holdings from their current level c to the optimal level C7.

Proposition 1 shows that, in line with DeAngelo, DeAngelo, and Stulz (2006), the firm starts
paying dividends when retained earnings reach a performance threshold C}. In order to better
understand the strategy of the firm, Figure 1 plots C; as a function of the arrival rate of investors
A, the reinvestment rate r, the recovery rate on assets ¢, and cash flow volatility ¢. The base
parametrization in this figure is p = .06, r = .05, A =4, 0 = .1, p = .1, and ¢ = .75, implying a
haircut of 25% of asset value in liquidation, an expected financing lag of 1/\ = 3 months, and a

cost of holding cash of 1% per year.

11



Consistent with economic intuition, the figure shows that the optimal level of cash holdings
decreases with the arrival rate of investors (see Lemma 17 in the Appendix). That is, as A increases,
the likelihood of finding outside investors to cover operating losses increases and the need to hoard
cash within the firm decreases. The figure also demonstrates that even for large values of the
arrival rate of investors, the firm still optimally carries a significant cash buffer. These results are
consistent with the evidence in Opler, Pinkowitz, Stulz and Williamson (1999) and Bates, Kahle,
and Stulz (2009), who find that firms hold more cash when their access to external capital markets

is more limited.

Insert Figure 1 Here

Another property of the firm’s optimal policy illustrated by the figure is that cash holdings
should increase with cash flow volatility. This result is consistent with the evidence in Harford
(1999) and Bates, Kahle, and Stulz (2009). It also suggests that the increase in cash holdings
over the 1980-2005 period can be explained by the increase in idiosyncratic volatility reported by
Irvine and Pontiff (2009). As expected, the figure also shows that cash reserves increase when the

opportunity cost of holding cash decreases (i.e. when r increases).

Finally, as illustrated by the figure, another key determinant of the optimal cash buffer is the
liquidation value of assets (or the degree of irreversibility of investment). In particular, the optimal
level of cash holdings is monotonically decreasing in ¢ and converges to zero as ¢ tends to one (see
the Appendix). One direct testable prediction of the model is that firms with more tangible assets
should have lower cash holdings. This prediction of the model is novel, and provides grounds for

further empirical work on the determinants of cash holdings.

4 Firm value with a growth option

4.1 Firm value and optimal cash holdings

We now turn to the analysis of firm value when management has the option to increase earnings by
paying a lump sum cost K. The growth option changes the firm’s policy choices and firm value only
if the project has positive net present value (NPV). The following proposition provides a necessary

and sufficient condition for this to be the case.

12



Proposition 2 The option to invest has positive NPV if and only if the cost of investment K is
below K™ defined by:

M1 — Mo T
:K*+<1—> cy—-Cp),
P p (C1 - Co)

where C is the value-mazimizing cash inventory for a firm with assets in place that deliver a cash

flow with mean p; and with no growth option.

The intuition for this result is straightforward. The left hand side of equation (2) represents
the expected present value of the increase in firm cash flows following the exercise of the growth
option. The right hand side represents the total cost of investment, which incorporates the direct
cost of investment and the change in the cost of carrying the cash balance. In the following, we
consider that the cost of investment is below K* defined by equation (2) so that the value of the

firm’s growth option is positive.

To solve the firm’s optimization problem in the presence of the growth option, consider the

following two alternative strategies.

(W) The firm finances investment exclusively with external funds and retains earnings until the

cash buffer reaches Cfj,, at which point it starts paying dividends.

(U) The firm finances investment with external or internal funds, retains earnings, and invests in
the growth option when the cash buffer reaches a level an optimally determined level C7; or

upon finding investors.

Let W (c) denote the value of the firm under the first strategy and U(c) denote the value of
the firm under the second strategy. Using standard arguments, it is immediate to show that in

the continuation region where it is optimal to retain earnings W (c) and U/(c) satisfy the following

ODE:
0.2
pJ(c) = J'(c)(rc+ po) + EJ"(C) +A(Vi(C]) —Cf = K +c—J(c)) (12)

for J = W, U. The left hand side of this equation is again the return required by investors for
investing in the firm. The right hand side is the expected change in firm value due to the effects of
a change in cash savings (first term), cash flow volatility (second term), and the arrival of outside

investors (third term). Since the firm invests in the project and readjusts its cash buffer C} upon
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finding investors, the change in the value of incumbent shareholders due to the arrival of outside

investors is given by V1(CY) — C} — K +c¢— J(c).

These ODEs are solved subject to the following boundary conditions:

W (0) =U (0) = 4o, (13)
W(c) =W (Cyy) + ¢ — Cyy, for ¢ > Cyy, (14)

C#ig‘%v W(e) =1, (15)
Jim W”(c) =0, (16)
U(c)=Vi(c—K), for ¢ > Cf;, (17)

U (Ci) = Vi (Ci — K). (1)

Condition (13) requires firm value to be equal to ¢y in the absence of cash reserves since the firm
liquidates at ¢ = 0. Condition (14) reflects the fact that it is optimal to make a payment ¢ — Cj;; to
shareholders whenever cash holdings are above Cjj,. Condition (15) follows from condition (14) and
reflects the fact that the firm distributes all cash holdings beyond Cf;; in a minimal way, implying
that the marginal value of cash holdings at that point is 1. Condition (16) is a high-contact
condition that allows us to determine the value maximizing payout threshold Cf;,. Condition (17)
reflects the fact that it is optimal to invest with internal funds whenever the cash buffer exceeds
Cy;. Finally, condition (18) is a smooth-pasting (optimality) condition that allows us to determine

the value-maximizing exercise trigger Cf;.
Solving for U(c) and W (c) yields the following proposition.

Proposition 3 Assume that K < K* so that the growth option has positive NPV. Then the firm

values associated with the strategies (W) and (U) are respectively given by

W)= 0C)Fo(0) = A(Ciy)Gole) +@(e), e < Gy, (19)
¢ = Cy + W(Cy), otherwise,

and

a(Cp)Fo(e) = Er(C)Gole) + @(c), ¢ < Cp,
Vi(e — K), otherwise,
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where

AWVA(CT) = (CT + K)) | Apo+ (p+A)e)

D(c) = , 21
© PES) o+ N A1) (21)

the constants Cyy, and Cf; are the unique solutions to
ao(Ciy) Fo(0) = Bo(Cy)Go(0) = £a(Cpr) Fo(0) — E7(Cr)Go(0) = Lo — @(0), (22)

and the functions £g and g are defined in the Appendiz.

Having characterized firm value for the strategies (U) and (W), we now return to management’s
optimization problem. Intuitively, we expect the firm to follow strategy (U) when the cost of
investment is low since in that case the cost of building up the cash buffer to the level required for
investment is low, independently of the current level of cash holdings. By contrast, we expect the
firm to adapt its strategy to the level of its cash holdings when the cost of investment is high. In
particular, the firm should follow strategy (W) when its cash holdings are below a certain threshold
C7, since in that case it would be too costly to build up the cash buffer to invest with internal
funds. Above the threshold C7, the firm should retain earnings and invest either when its cash

buffer reaches C}; > C7; or when outside financing arrives.

Accordingly, we have that for high investment costs (i.e., for K > K** defined in Theorem 4
below), firm value is given by V(c) = W(c) for ¢ < Cj, by V(c) = Vi(c — K) for ¢ > C};, and
satisfies the ODE:

2
pV(c) = V/(e)(re+ o) + V() + A(Vi(CY) = Cf = K + =V (e)), (23)
between the thresholds C7 and C7; . This ODE is solved subject to the boundary conditions

24

25

(24)
(25)
= W'(C}), (26)
(27)

Condition (24) requires firm value to coincide with W at the point C} where the firm switches to
strategy (W). Condition (25) requires firm value to be equal to the payoff from investment when
investing with internal funds at the point Cj; > Cy;. Finally, conditions (26) and (27) are smooth

pasting conditions that allow us to determine the optimal switching points C} and Cf;.
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Solving management’s optimization problem yields our main result.

Theorem 4 There exist two thresholds K** and K* for the cost of investment, with 0 < K** < K*,

such that

(a)
(b)

()

(d)

If K > K*, the growth option is worthless and optimal policy choices are as in Proposition 1.

If K < K**, firm value is given by V(c) = U(c) and the optimal policy is to retain earnings
and to invest in the growth option when the cash buffer reaches Cf; < CT + K or when outside

financing arrives.
If K** < K < K*, firm value is given by

W(c), c<Cy,
V(e)=1q S(e), C; <c< 0y,
Vi(e— K), otherwise

where the function S(c) is defined by
S(c) = &a(Cx)Fo(c) — Er(Cx)Golc) + @(c) (28)

and the constants C; > Cy, and Cy € [Cf;, Cy + K] are the unique solutions to (24) and
(25). When ¢ < Cyy,, the optimal policy is to invest exclusively with outside funds and to
retain earnings until the cash buffer reaches Cyy,. When c € [C}y,, Cf], the optimal policy is to
make a lump sum payment c — Cy;, and then to follow the optimal policy for ¢ < Cy,. When
¢ > C7, the optimal policy is to build up the cash buffer and exercise the option either when

the cash buffer reaches C%; or when outside financing arrives.

If K = K** the firm is indifferent between strategies (U) and (W).

Theorem 4 provides a complete characterization of the firm’s optimal policy choices and of firm

value under these policies. Several important results follow from this theorem. First, the theorem

shows that when K < K**, the firm may use its cash buffer both to cover operating losses and

to finance investment. Such situations arise when the cost of hoarding cash inside the firm is not

too high or when the NPV of the project is large. We show below that, while cash holdings serve

in principle two purposes in this case, the probability of financing investment with cash holdings

is low, implying that cash holdings essentially represent a risk management tool aimed at insuring

the firm against potential losses.

16



Second, Theorem 4 shows that when K** < K < K*, the optimal strategy for the firm depends
on the current level of cash reserves. In particular, when cash reserves are below Cjj,, the optimal
policy is to to finance the capital expenditure with external funds and to use cash reserves to cover
operating losses. When cash reserves are between Cf;, and C7, the firm’s dividend policy will consist
in paying both regular dividends and specially designated dividends (or making share repurchases).
When cash holdings are above C7, the firm can finance the capital expenditure using internal or
external funds and the optimal policy is to retain earnings until the firm invests in the project.
Interestingly, the change in financing technology occurring at C'; makes the value-function locally
convex. This implies that our financially constrained firm may want to engage in risk increasing

strategies at this point, in contrast to the results in Froot, Scharfstein, and Stein (1993).

When financing the growth option with external funds, the value-maximizing policy for the
firm is to raise enough funds to finance both the capital expenditure and the potential gap between
current cash holdings and the optimal level after investment C7. That is, firms always increase their
cash buffer when raising funds from outside investors. This prediction of the model is consistent
with the evidence in Kim and Weisbach (2008) and McLean (2010), who find that firms’ decisions
to issue equity are essentially driven by their desire to build up cash reserves. By contrast, when
financing the capital expenditure internally, the optimal policy is to invest at a level of cash holdings
below C7 + K, implying that cash holdings are below their optimal level after investment. This

effect is due to the positive discounting and to the fact that hoarding cash inside the firm is costly.

4.2 Model implications
4.2.1 Cash holdings before investment

When the firm has a growth option, cash holdings serve two purposes. First, they can be used to
cover unexpected operating losses. Second, they can be used to finance investment. In order to
analyze the effects of this second motive on the value-maximizing level of the cash buffer, consider
an economic environment in which K < K** so that V(¢) = U(c). In such environments, the firm’s
cash holdings are in (0, C};) before investment and the difference between Cj; and Cf represents

the change in the optimal cash buffer due to the growth option.

Figure 2, Panel A, plots the optimal cash buffer Cf; as a function of the arrival rate of investors

A, the recovery rate on assets ¢, cash flow volatility o, and the growth potential of the firm p; — po.
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Figure 2, Panel B, plots the change in the optimal cash buffer C}; — Cj due to the growth option as
a function of these same parameters. In this figure, we use the same parameter values as in Figure

1 and set K = 0.2 and p3 = 0.125 (so that operating cash flows increase by 25% upon investment).

Insert Figure 2 Here

Several results follow from Figure 2. First the figure shows that Cf; exhibits the same sensitivity
to the input parameters of the model as ;. That is, optimal cash holdings increase with cash flow
volatility o and decrease with the arrival rate of investors A and with the recovery rate of assets
in liquidation ¢. (Note that C; converges to K as ¢ tends to 1 since the firm wants to be able to

finance the capital expenditure with internal funds.)

Second, the figure reveals that most often the optimal level of cash holdings before investment
exceeds that after investment, in that Cf; > Cg. This is due to the fact that when the cash
buffer reaches C7;, the firm needs to finance the capital expenditure out of internal funds, thereby
increasing the probability of inefficient liquidation after investment. Interestingly, the figure shows
that C}; can be lower than Cj when there is a large benefit to investment (i.e. when p; — po is
large) or when the risk of not investing is important (i.e. when o is high). That is, the optimal
level of cash holdings can be lower when the firm has two motives for holding cash. This effect is
mitigated by a stronger supply of capital since the risk of being unable to cover operating losses or

to finance investment decreases with A.

4.2.2 Financing investment

An important question is whether capital supply uncertainty actually affects growth and the source
of financing used by firms when investing. To answer this question, consider again an economic
environment in which K < K** so that V(c) = U(c). In such economic environments, the firm
invests with either internal funds or with outside capital. The probability that the firm invests

using internal funds is (for ¢ < Cf):

Pi(c) = Pty <0 A7) = E [/ )\e_ktl{mgm}dt} = Ec [1{TU§TO}€_MU]
0

where 7 is the first time that the cash reserve process

t
Cy =e"Cy+ % (ert — 1) +/ "9 5 d B,
0
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is equal to Cf; > 0, and 6 is the first time at which external financing becomes available. Similarly,

the probability that the firm invests using external funds is
PE(C) = PC[H <7t A TO] =1- Pc[9 > 17 A 7-0] =1-FE. |:e*)\(TU/\T0):| )

Using standard arguments together with our previous results and notation, it is immediate to

establish the following result:

Proposition 5 The probabilities that the firm invests with internal or external funds are respec-

tively given by:

Pr(c) = arF(c) + prG(c),

Pg(c) =1—agF(c) — BeG(c),
where the functions F', G are defined by

F(c) = Fo(c)|p=0,
G(c) = Go(c)|p=o0,

with Fy and Gy defined by equations (7) and (8) and where the constants ag, Bg, ar, Br solve the

following system of equations

arF(0) + B1G(0) = 0,
apF(0)+ BpG(0) =1,
a;jF(Cy) + BiG(Cp) =1, forj=1E

Using Proposition 5 we can examine the financing strategy of firms when investing in the growth
option. In particular, Figure 3 plots the probability of investment using internal funds (dashed line)
and the probability of investment using external funds (solid line) as functions of the arrival rate
of investors A, the recovery rate on assets ¢, cash flow volatility o, and the growth potential of the
firm g1 — po. In this figure, we use the same parameter values as in Figure 1 and set the additional

parameters as follows: Cyp = K = 0.2 and pp = 0.125.

Insert Figure 3 Here

Consistent with economic intuition, the figure shows that as the arrival rate of investors in-

creases, the probability of financing the capital expenditure with external funds increases. The
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figure also shows that the arrival rate of investors has a very important effect on these probabili-
ties. For example, when A = 4 (implying an expected financing lag of 3 months), the probability
of investment with internal funds is 12%. When A = 12 (implying an expected financing lag of 1
month), the probability of investment with internal funds is 3%. This result suggests that in most
economic environments, cash holdings will be used mostly to cover operating losses, consistent
with the evidence in the large sample studies by Opler, Pinkowitz, Stulz and Williamson (1999)
and Bates, Kahle, and Stulz (2009) and in the survey of Lins, Servaes, and Tufano (2010).

Another interesting property of the model illustrated by Figure 3 is that the probability of
investment with internal funds increases with the liquidation value of assets. This is a direct
consequence of the fact that the investment threshold Cf; decreases with . Also, as volatility
increases, the firm wants to hold more cash to prevent liquidation and the probability of liquidation
increases. These two effects imply that the probability of investment with internal funds decreases
with 0. By contrast, the probability of investment with external funds first increases (the first

effect dominates) and then decreases (the second effect dominates) with o.

To investigate further the effects of capital supply uncertainty on investment and liquidation
probabilities, Figure 4 plots the probability of investing with internal funds, the probability of
investing with external funds, and the probability of liquidation over a one-year (dashed line) and
over a three-year (solid line) horizon as functions of the arrival rate of investors A. In this figure,

we use the same input parameter values as in Figure 3.

Insert Figure 4 Here

Several interesting properties of the model are illustrated by Figure 4. First, the probability
of investment with external funds monotonically increases with the arrival rate of investors while
the probability of investment with internal funds and the probability of liquidation monotonically
decrease with this rate. Indeed, an increase in A results in a decrease in the investment threshold
with internal funds and in an increase of the matching rate between the firm and investors. Second,
and related to the above, the overall probability of investment decreases as A decreases, implying
that a negative shock to the supply of capital may hamper investment even if firms have enough

financial slack to fund all profitable investment opportunities internally.
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5 Extensions

In this section, we consider two important extensions of our model. First, we introduce issuance
costs when the firm raises outside funds. Second, we introduce time-varying capital supply by
allowing the arrival rate of investors to change stochastically through time. For simplicity, we

consider that the firm only has assets in place and denote the growth rate of cash flows by pu.

5.1 Issuance costs

There is considerable evidence that firms have to pay significant costs when issuing securities and
that these costs exhibit economies of scale (see Smith (1977) for an early survey and Altinkilic and
Hansen (2000) or Kim, Palia, and Saunders (2008) for recent evidence). To capture this important
feature of capital markets, we consider that when raising outside funds, the firm has to pay a
proportional cost € and a fixed cost . This implies that if the firm raises an amount A(1+¢) + &k
from the financial markets, it gets A. Let V(¢) = V/(c, k,e) be the corresponding value function.

For a given level of cash holdings ¢, the firm will find it optimal to raise outside funds if

r;?é([V(c—i—f)—(l—&—E)f] — Kk > V(e).

Consider first the effects of proportional costs on the decision to raise outside funds. If firm
value V; is a concave function of cash holdings (which we establish below), then there exists a
threshold C' < C* such that V/(C) = 1 + . Outside funds will then never be raised when ¢ > C
since in that case the marginal cost of outside funds is larger than their marginal benefit. The firm
will therefore only raise funds when its cash holdings are below C to bring its cash buffer to C,

where the marginal cost and benefits of outside funds are equalized.

Consider next the effects of fixed costs. Clearly, the firm will raise outside funds only if it is

profitable to do so, that is if the current cash buffer is such that
V(C) - (1+e)C > V(e) — (1+¢e)e + k.

Since V'(¢) > 1+ ¢ for ¢ < C, we get that V(c) — (1 + €) ¢ is monotone increasing for ¢ < C.

Therefore, there exists a threshold for cash holdings C < C satisfying
V(C) —(1+¢)C = V(C) — (1+¢)C + &,
such that outside funds are raised if and only if ¢ < C.
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We are now in a position to determine the value of the firm in the presence of issuance costs.
Specifically, using the same steps as above, it is immediate to show that, in the region where it is

optimal to retain earnings, firm value V satisfies the ODE:
2
pV(c) =V'(e)(re+ p) + %V”(c) + Ly AV(C) = (1 + ) C+ (1 4+¢) c = V(c)]. (29)
In particular, in the region where outside funds are never raised, we have that firm value satisfies
o2
pV(e) = VI(O)re+ )+ SV (e). (30)

Denote by Vi—o(c) the value function when outside financing is not available (defined in equation
(11) with A = 0) and by C5_,, the corresponding optimal level of cash holdings. We can find upper
bounds for the proportional and fixed issuance costs by examining whether it is optimal for the
firm to raise outside funds when the cash balance reaches zero, i.e. when the benefits of outside
funds are the largest. Assuming that there are no fixed costs, it will be optimal for the firm to raise

outside funds if proportional costs € are below € defined by
g = Vi_o(0) — 1. (31)

By concavity, if proportional costs satisfy ¢ < &, then there exists a level of cash holdings Cy—g
such that V{_,(Cr=¢) = 1+¢ and the maximum level of fixed costs that makes it optimal for the

firm to raise outside funds, denoted by &(¢), is then defined by
E(e’:‘) = V,\Zo(é)\:()) — (1 + 5)6)\:0 — /. (32)
This leads to the following result.

Proposition 6 It is optimal for the firm to raise funds from outside investors if and only if the
proportional and fized issuance costs satisfy € < € and K < R(e), where € and R(e) are defined
in equations (31) and (32). In this case, there exist three positive thresholds C < C < C* for
the firm’s cash holdings such that the optimal policy consists in distributing dividends whenever the

cash buffer reaches C*, and to raises outside funds to reach the level C only when ¢ < C.

In the following, we consider that the proportional and fixed issuance costs satisfy ¢ < € and
Kk < E(g), so that it may be optimal for the firm to raise funds from outside investors. The value of
the firm is then the unique solution to equation (29) satisfying the boundary conditions V' (0) = ¢,
V/(C*) = 1,and V"(C*) = 0, which describe the value function at the liquidation and dividend

payment triggers. Solving management’s optimization problem yields the following:
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Proposition 7 There exists a unique level for the cash buffer C* that maximizes firm value when

it is costly to raise outside funds. For any level of the cash buffer ¢ < C*, firm value satisfies

V(e;C*) c<C
Vie) =
Vao(e;C7) . e>C.
where
V(6:C%) = a(C) F(e) + b(C™) Gle) + —— |VacolC3 C*) + (1 +2) (e — C%) + L1 | (33)
; — P + 2\ A=0\, 0 + A—r1r

and Va—o(c, C*) is defined in equation (11) with A\ = 0. In these equations, the optimal cash buffer

1s the unique solution to

- : (p+ 2= DAVA=0(GC?) = (1+2)0) + A
== a(C)F(0) +H(C) G(0) + TESEIPESY

)

where the parameters a(C*) and b(C*) are determined using the value-matching and smooth-pasting
conditions V(C;C*) = Va—o(C;C*) and V'(C;C*) = V|_,(C;C*), the functions F(c) and G(c)
are defined by equations (7) and (8) with p; = p, and the thresholds C < C < C* solve

Viio(C;C*) = 1+¢, (34)
Vaeo(C;C%) — (14+6)C = V(C;C*) — (1+e)C + k. (35)

The expression for the value of the firm reported in Proposition 7 is similar to that in Proposition
1 and admits a similar interpretation. In particular, the first two terms of equation (33) represent
the present value of the cash flows accruing to shareholders when cash holdings reach 0, at which
point it is optimal to liquidate the firm, or when they reach C*, at which point it is optimal to
start paying dividends. The last term on the right hand side of equation (33) reflects the effects
on firm value of the change in the cash buffer from ¢ < C to C < C* due to the arrival of outside
investors. Finally, equations (34) and (35) show that the marginal benefit of cash holdings is equal
to the marginal cost of raising funds at the threshold C' and that the increase in firm value due to

a change in cash holdings is equal to the total cost of increasing cash holdings at the threshold C'.

One interesting feature of our model is that the firm will find it optimal to raise outside funds
even when cash holdings are positive. This is in contrast with the result in Décamps, Mariotti,
Rochet, and Villeneuve (2008) or Bolton, Chen, and Wang (2010), in which the firm either never

issues securities (when issuance costs are too large) or only raises outside funds when cash holdings

23



reach zero. In addition, their model predicts that firms are never liquidated in the later case. By
contrast our model predicts that firms will raise cash even if they have a positive cash balance and

that some firms will be liquidated even if issuance costs are low.

To better understand the strategy for the firm in the presence of issuance costs, Figure 5 plots
the optimal level of cash holdings C* (black line), the refinancing trigger C (red line), and the
firm’s cash holdings after refinancing C' (blue line) as functions of the proportional cost of issuance
€, the fixed cost of issuance k, the arrival rate of investors A\, and cash flow volatility o. The base

parametrization is p = .06, r = .05, A=4, 0 =.1, u = .1, o = .75, ¢ = 0.05, and x = 0.025.

Insert Figure 5 Here

Consistent with economic intuition, the figure shows that the optimal level of cash holdings C*
increases with both the proportional cost of issuance € and the fixed cost of issuance x. That is,
as outside funds become more expensive, it becomes relatively cheaper for the firm to hoard cash
making it optimal to delay dividend distributions. The quantitative effect is however limited. As
in the model without issuance costs, cash holdings increase with cash flow volatility and decrease
with the arrival rate of investors. The figure also shows that proportional issuance costs have a
dramatic effect on the firm’s cash holdings after refinancing C since the cost of outside funds is
equalized with the benefits of cash holdings at that point. Overall, the main conclusions from the

model seem resilient to the specific parametric assumptions.

5.2 Time-varying capital supply

So far, we have ignored the possibility that the arrival rate of investors, and hence that corporate
policy choices, could change over time. The global financial crisis of 2007-2008 has shown however
that the supply of external finance for non-financial firms could be subject to significant shocks. This
section extends our basic framework to consider shocks to the supply of capital, thereby allowing
a study of the effects of capital supply uncertainty for large, publicly traded firms for which access

to outside funds may be limited only during a financial crisis or an economic downturn.

To do so, we consider an environment in which the arrival rate of investors (\¢),~, can take two
values: A\;, and Ay with Ay > A\; > 0. In addition, we assume that \; is observable and that the

transition between the two states follows a Poisson law. Let mgr > 0 denote the rate of leaving
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state H and Ty denote the time to leave state H. Within our model, the exponential law holds:
Pr(Ty > t) = e ™HLE,

and there is a probability mgrdt that the arrival rate (A;),~, changes from Ag to Ay during an
infinitesimal time interval dt. In this specification, the capital supply regime H corresponds to eco-
nomic conditions in which capital is readily available while the capital supply regime L corresponds

to economic conditions in which capital is scarce.

As in the model with constant arrival rate of investors, the objective of management is to
determine the cash holdings and dividend policies that maximize shareholder wealth. One essential
difference with the previous formulation however is that because the arrival rate of investors depends
on the current regime (high or low supply of capital), so do the value-maximizing trigger for dividend
payments and firm value. In other words, when capital supply can shift between two levels there

exist two dividend distribution thresholds C}; and C} and two value functions Vy and V7.

Using standard methods (see e.g. Guo, Miao, and Morellec (2005)), it is possible to show that

the value function pair (V,, Vpr) satisfies the following set of ODEs:

pVL(c) = Vi(c)(re+p) + 022 Vi(e)+ AL [Vi(CE) = Ci 4+ = Vi(e)] +7mom [Vir — Vi ]

pVr(c) = Vy(c)(re+p) + 022 Vir(e) + Au [Vu(Chy) = Cfr + ¢ = V(o) + mur [V — Vi

These equations are similar to the one obtained in the constant capital supply case. However, they
contain an additional term (7 p [VH — VL] or THJ, [VL — VH]) that corresponds to the probability
weighted change in firm value due to a change in the supply of capital. As before, these equations

are solved subject to boundary conditions at the dividend thresholds C7; and C} and at zero.

Appendix E provides a full characterization of the solution to management’s optimization prob-
lem. Using this solution, we can then examine the effects of time-varying capital supply on the
firm’s policy choices. To this end, Figure 6 plots the optimal levels of cash holdings C7; (solid line)
and C] (dashed line) as functions of the recovery rate ¢, the arrival rate of investors in the low
capital supply regime Ay, cash flow volatility o and the interest rate . The base parametrization
is p=.06,r=.05, A\, =4, \yg =24, npg = 1.154, mgr = 0.223, 0 = .1, u = .1, and ¢ = .75. The

rates of leaving states H and L are calibrated to match the average durations of NBER recessions.
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The values of the arrival rates of investors imply that, conditional on staying in a given regime, the

expected financing lag is 3 months in regime L and 15 days in regime H.

Insert Figure 6 Here

Consistent with economic intuition, the figure shows that the optimal cash holdings policy takes
the form of a trigger policy and that there exists one optimal cash buffer per level of capital supply.
Since the two regimes (high and low capital supply) are related to one another through the 7s, so do
the optimal cash buffers. Specifically, a lower persistence of regime ¢ (i.e. a higher 7;;) reduces the
opportunity cost of paying dividends in regime 4, and hence narrows the gap between the optimal
cash buffers in the two capital supply regimes. This effect is illustrated in the figure by the two
dotted lines in each panel, where we have set the 7s to zero (so that the firm faces only one level
of capital supply forever). Finally the figure reveals that even when the capital supply is strong
(i.e. when Ay = Apy), the firm carries a significant cash buffer as a hedge against a possible change

in the supply of capital.

6 Conclusion

Following Modigliani and Miller (1958), extant theoretical research in corporate finance generally
assumes that capital markets are frictionless so that corporate behavior and capital availability
depend solely on firm characteristics. This demand-driven approach has recently been called into
question by a large number of empirical studies. These studies document the central role of supply
conditions in capital markets in explaining corporate policy choices and highlight the need for an

improved understanding of the precise role of supply.

This paper takes a first step in constructing a dynamic model of corporate investment, payout,
cash management, and financing decisions with capital supply effects by considering a setup in
which firms face uncertainty regarding their ability to raise funds in the capital markets. The
model provides an explicit characterization of corporate policy choices for a firm acting in the best
interests of incumbent shareholders and shows that capital market frictions have first-order effects

on corporate behavior. In particular, the model shows that

1. Cash holdings should increase with cash flow volatility and decrease with the firm’s access to
outside capital, in line with Opler, Pinkowitz, Stulz and Williamson (1999), Harford (1999),
and Bates, Kahle, and Stulz (2009).
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2. Negative shocks to the supply of capital should hamper investment even if firms have enough
slack to finance investment internally, consistent with the evidence in the large sample studies
by Kashyap, Stein and Wilcox (1993), Gan (2007), Becker (2007), or Lemmon and Roberts
(2007), and with the survey of Campello, Graham, and Harvey (2010).

3. Firms should only start paying dividends when retained earnings reach a performance thresh-

old, in line with DeAngelo, DeAngelo, and Stulz (2006).

4. Financially constrained firm may find it optimal to follow risk increasing strategies, in contrast

with Froot, Scharfstein and Stein (1993).

5. Cash holdings should be used to cover operating losses rather than to finance investment,
consistent with the evidence in the studies by Opler, Pinkowitz, Stulz and Williamson (1999)
and Bates, Kahle, and Stulz (2009) and in the survey by Lins, Servaes, and Tufano (2010).

6. Firms should always increase their cash buffer when raising funds from outside investors,

consistent with the evidence in Kim and Weisbach (2008) and McLean (2010).

7. Firms with better investment opportunities should find it optimal to accelerate investment

with internal funds by decreasing the optimal level of cash holdings.

8. Firms with more tangible assets (with a higher liquidation value) should have lower cash

holdings and should have a greater propensity to invest out of internal funds.

9. Time-varying capital supply should lead large, publicly traded firms to carry a significant
cash buffer as a hedge against possible changes in the supply of capital.

While some of these predictions are shared with other models, many are novel and provide

grounds for further empirical work on corporate policy choices.
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Appendix

A. Proofs of the results in Section 3

To facilitate the proofs let us start by introducing some notation that will be of repeated use
throughout the appendix. Let £; denote the differential operator defined by

£6(6) = () re + 1) + - 67(0) = po(c),
set

Fo() 1= max Mo(c + ) = d(c) — 1} (39)
and denote by O the set of dividend and financing strategies such that

70
E, [/ e P(dDs + fs—dNy)| < oo
0

for all ¢ > 0 where 79 is the first time that the firm’s cash holdings fall to zero and E.[-] denotes
an expectation conditional on the initial value Cy_ = c.

Let Vl(c) denote the value of the firm in the absence of growth option when the mean cash flow
rate is equal to p;. In accordance with standard singular stochastic control results (see e.g. Fleming
and Soner (1993, Chapter VIII)) we have that the Hamilton-Jacobi-Bellmamn (HJB) equation is
given by

max{L;¢(c) + Fo(c),1 — ¢'(c), i(c) — p(c)} =0 (39)

where ¢;(c) := ¢ + ppi/p denotes the liquidation value of the firm. Our first result shows that any
classical solution to the HJB equation dominates the value of the firm.

Lemma 8 If ¢ is a twice continuously differentiable solution to (39) then ¢(c) > Vi(c).

Proof. Let ¢ be as in the statement, fix a strategy (D, f) € © and consider the process
t
Viim e #0(C) + [ eP(AD, - fdNy).
0+

Using the assumption of the statement in conjunction with It6’s formula for semimartingales (see
Dellacherie and Meyer (1980, Theorem VIII-25)) we get that dY; = dM; — e P'dA; where the

process M is a local martingale and

dAr = (¢(Ci— + fr-) — d(Cr-) — fro — Fp(Ct-))dt
+ (AD; = ¢(Cr— — ADy) + ¢(Cy)) + (¢'(Cy—) — 1)dDy.

The definition of F and the fact that ¢’ > 1 then imply that A is nondecreasing and it follows that
Y is a local supermartingale. The liquidation value being nonnegative we have

70
Zy = Y;ﬁ/\m > _/ e " fs_dN;
0
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and since the random variable on the right hand side is integrable by definition of the set © we
conclude that Z is a supermartingale. In particular,

$(Co-) = ¢(C_0) — A¢(Co) = Zo — Agp(Co) > Ec[Zr,] — Ad(Co)
i [

eips(st - fs—st):| - A¢(CO)
0+

_ B, |emaicn) + / " 34D, — fsts)] — ADy — Ad(Co)
L 0

_ B, |ermoey0) + / " e (ap, — fs_st)} — ADo — Ad(Co)
L 0

> B, [eme0) + [ b, - fs_stﬂ (40)
L 0

where the first inequality follows from the optional sampling theorem for supermartingales, the
fifth equality follows from C, = 0, and the last inequality follows from

Co—
ADgy + AQZ)(C()) = ADg+ gf)(Co, - AD()) — qb(CO,) = / (1 — qb/(C))dC <0
Co——ADg
The desired result now follows by taking supremum over (D, f) € © on both sides of (40). |

Lemma 9 Let X > 0 be fired. The unique twice continuously differentiable solution to

Lig(c) = Mo(X) =X +c—¢(c)) =0,  c¢<X, (41)
d(c) —p(X)+ X —c=0, c> X,

is explicitly given by ¢i(c) = Vi(c A X; X) + (¢ — X)T where

Vil X) = aiOR() - HX)GE) + 1 (T )

and the functions oy, B; are defined as in Proposition 1.
Lemma 10 The general solution to the homogenous equation
Agi(c) = Ligi(c) (42)
is explicitly given by
¢i(c) = 1 Fi(c) + 12Gi(c)
for some constants v1, 2 where the functions F;, G; are defined as in (7), (8).
Proof. The change of variable ¢;(c) = g;(—(rc + p;)?/(ro?)) transforms equation (42) for ¢; into

Kummer’s ODE for g; and the conclusion now follows from standard results regarding this second
order ODE. [
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Lemma 11 The functions F; and G; satisfy

o~ (retp)?/(o%r)

F{(c)Gi(c) — F;(¢)Gj(c) = — or—1/2

1
In particular, the ratio F;/G; is monotone decreasing.

Proof. The first claim follows from Abel’s identity (see Hartman (1982, Section XI.2)). The second
one follows because (F;/G;) = (F/G; — F;G")/G2. [ |

Proof of Lemma 9. By application of Lemma 10 we have that the general solution to the second
order ODE (41) is explicitly given by

Vi(e: X) = arFi(c) + asGi(e) + —— <¢i(X) X+

(P+)\)C+Mi>
A+p

Adp—7r

for some constants (aj,as, ¢;(X)) and the proof will be complete once we show that these three
unknowns are uniquely determined by the requirement that the solution be twice continuously
differentiable. Using Lemma 11 in conjunction with the fact that F; and G; solve (42) we obtain
that

VI + p)e=retu)®/(@*r)

~(F/(e)G(e) = F/(e)Gi(e)) = 207
207 3/r(rc + pi)e /), (43)

F{'()Gi(e) = Fi(e)Gi ()

Combining these identities with the smooth pasting and high contact conditions V/(X;X) = 1,
V/(X;X) =0 then gives a; = a;(X), ag = —f;(X) and it now follows from (43) that

):(p—N@X+u0

alFi(X)—i—agGi(X ()\-f—p—T)()\—l-p).

Substituting this identity into the value matching condition

A rX +
(X)) = Vi(X; X) = a1 Fy (X) + asGi(X) + —— [ i(X) + —— L
6100) = VXS X) = (X) + axGr(X) + 2 (000 + 152 )
and solving the resulting equation gives V;(X; X) = (rX + p;)/p and completes the proof. |

Lemma 12 The function Vi(c; X) is increasing and concave with respect to ¢ < X, and strictly
monotone decreasing with respect to X.

In order to prove Lemma 12 we will rely on the following three useful results.
Lemma 13 Suppose that k is a solution to
Lik(c)+ ¢(c) =0 (44)

for some ¢. Then, k does not have negative local minima if ¢(c) > 0 and k does not have positive
local mazima if ¢(c) < 0.
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Proof. At a local minimum we have k/'(c) = 0, k”(c) > 0 and the claim follows from (44) and the
nonnegativity of ¢. The case of a non-positive ¢ is analogous. |

Lemma 14 Suppose that k is a solution to (44) for some ¢(c) < 0 and that k'(co) <0, k(co) >0
and |k(co)| + |k (co)| + |#(co)| > 0. Then, k(c) > 0 and k'(c) <0 for all ¢ < ¢g.

Proof. Suppose on the contrary that k’(c) is not always negative for ¢ < ¢y and let z be the largest
value of ¢ < ¢y at which k(c) changes sign. Then, z is a positive local maximum and the claim
follows from Lemma 13. |

Lemma 15 Suppose that k is a solution to (44) for some ¢ such that ¢'(c) < 0 and that k' (co) > 0,
E"(co) < 0 and |k (co)| + |K"(co)| + |¢'(co)| > 0. Then, k'(c) > 0 and k" (c) < 0 for all ¢ < ¢y and
K"(¢) > 0 for ¢ > co. In particular,

/ . . /
E'(co) = min K'(c).

Proof. Differentiating (44) shows that m = k" is a solution to £;m(c) + rm(c) + ¢'(c) = 0 and the
conclusion follows from Lemma 14. The case ¢ > ¢ is analogous. |

Proof of Lemma 12. As is easily seen the function

1) = Vit ) = 4 (Vi ) -+ R )

is a solution to (42) and satisfies k'(X) =1 > 0 as well as £”(X) = 0. In conjunction with Lemma
15 this implies that k(c), and hence also V;(c¢; X), is increasing and concave for ¢ < X.

To establish the required monotonicity, let X; < X5 be fixed and consider the function m(c) =
Vi(e; X1) — Vi(e; X32). Using the first part of the proof it is easily seen that m solves

Lim(c) —Am(c) = N1 —1r/p)(X; — X2) =0

with the boundary conditions m/(X;) =1 —V/(X1; X2) < 0, m"(X1) = =V (X1; X2) > 0. Thus it
follows by a straightforward modification of Lemma 15 that m is monotone decreasing and it only
remains to show that m(X;) > 0. To this end, observe that

m(X1) = Vi(X1; Xq) — Vi(Xq; Xo)
X1
— Vi X0) < Vi X) + [ Vi X)de
Xa

> Vi(X1; X1) = Vi(Xos Xo) + Xo— Xy = (r/p—1)(X1 — X2) >0

where the first inequality follows from V/(X;X) = 1 and the first part of the proof, and the last
inequality follows from the fact that by assumption p > r. |

Lemma 16 The unique solution to the free boundary problem (1)—(6) is given by
Vi(e) = Vi(e ACF; C7) + (e = C7)T

where CF is the unique solution to V;(0,X) = ¢;(0). The function V; is a twice continuously
differentiable solution to (39).
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Proof. By Lemma 9 we have that V;(c) is twice continuously differentiable, satisfies (1) and solves
(2) subject to (5), (4) and (6) so we only need to show that (3), or equivalently

Vi(0; CF) = 4:(0) (45)

uniquely determines the value of C}. By Lemma 12 we have that V;(0; X') is monotone decreasing.
On the other hand, a direct calculation shows that V;(0;0) = u;/p > 0, V;(0;00) < 0 and it follows
that (45) has a unique solution. To complete the proof it remains to show that V; is a solution to
the HJB equation. Using the concavity of V;(c) in conjunction with the smooth pasting condition
we obtain that 1 — V/(¢) is negative below the threshold C} and zero otherwise so that

0 = Vite) = [ (1= Via)da <0,

On the other hand, using the concavity of V;(c) = Vj(c¢; C}) in conjunction with Lemma 9 and the
smooth pasting condition we obtain

(£: 4+ FIVi(0) = £Vi(0) + Loy (Vi(C) = X +¢ = Vile)) = Ly £Vi(e)
= (r=p)e-C)F <0

Combining the above results shows that V; is a solution to (39) and completes the proof. |

Proof of Proposition 1. Combining the results of Lemmas 8 and 16 shows that V; > VZ In order
to establish the reverse inequality, consider the dividend and financing strategy defined by D} = L,
and f; = (Cf — Cy)* where the process C evolves according to

dC; = (Tct— + Hi)dt + odB; — dDzk + ft*det
with initial condition Cy_ = ¢ > 0 and L; = SuPg<t (Xe — Ci*)+ where
dXy = (rX,— + p)dt + 0dBy + (Cf — X;_)"dN; .

In order to show that the strategy (D*, f*) is admissible we start by observing that due to standard
properties of Poisson processes we have

E, [ / et ft*dNt] < E, [ / epthdNt] _ G
0 0 p

where the inequality follows from the definition of f*. Using this bound in conjunction with It6’s
lemma and the assumption that » < p we then obtain that

t t t
E. [/ epsdD;‘] =Co + E. [/ e ((r—p)Cs— + pi)ds —|—/ epsf;st]
0 0 0
oo o0 1
<ot b | [Terdst [T e ran < o e
0 0

holds for any finite ¢t and it now follows from Fatou’s lemma that (D*, f*) € ©. Applying Ito’s
formula for semimartingales to the process

tATo
Yy = e POV () + / ¢P5(dD! — f7_dN,)
0+
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and using the definition of (D*, f*) in conjunction with the fact that the function V; solves the HJB
equation we obtain that the process Y is a local martingale. Now, using the fact that C; € [0, C;]
for all t > 0 together with the increase of V; we deduce that

Yol < Vi) + / e P(dD} + f7 dNy)
0

for any stopping time # and, since the random variable on the right hand side is integrable, we
conclude that the process Y is a uniformly integrable martingale. In particular, we have

Vi(e) = Yoo = Yo — AYy = Yy + AD} = E[Ys] + AD;

n]emvicn s |
0

T0
e P (dD* — f*_dNS)] + AD;,
_l’_

70
— E, [emzi(owr / e *(dD? — f;st)]
0

where the third equality follows from the definition of V; and the fourth one follows from the
martingale property of Y. This shows that V; > V; and establishes the optimality of (D*, f*). W

Lemma 17 The level of cash holdings C; that is optimal for a firm with no growth option is
monotone decreasing in A and @.

Proof. Monotonicity in ¢ follows from the definition of C;* and the monotonicity of ¢;. To establish
the required monotonicity in A it suffices to show that V;(0; X, \) is monotone decreasing in A.
Indeed, in this case we have

2;(0) = V;(0; Cf (M), A1) < Vi(0; CF (A1); A2)

for all A < Ay and therefore C}(A2) < C(A1) due to the fact that V;(0; X, \) is decreasing in X.
To establish the required monotonicity observe that V;(X; X, \) = % does not depend on .
As a result, it follows from Lemma 9 that the function defined by

k(c) = Vi(e; X, M) — Vi(e; X, A2)
for some A\; < A9 satisfies
E(X)=K(X)=kK'(X)=k®X)=kW(X)=0
and solves the ODE
Lik(c) — Ak(c) = (A2 — M) (Vi(X; X, A2) — Vi(e; X, Ag) — (X — ). (46)

Since, by Lemma 12, V;(c; X, A2) is concave in ¢ and V/(X; X, A\2) = 1, the right hand side of (46)
is nonnegative for all ¢ < X. It follows by a slight modification of Lemma 13 that k(c) cannot have
a positive local maximum. Since

2 2
FI(X) = 500 = )V (XX h) = S (= M)(p =) <0,

we conclude that k is decreasing in a small neighborhood of X. Therefore, k(c) is decreasing for
all ¢ < X and hence k(c) > k(X) =0 for all ¢ < X. [ |
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B. Proof of Proposition 2

The proof of Proposition 2 will be based on a series of lemmas. To facilitate the presentation of the
results, let V denote the value of the firm and II denote the set of triples m = (7, D, f) where 7 is a
stopping time that represents the firm’s investment time and (D, f) € © is an admissible dividend
and financing strategy.

Lemma 18 The value of the firm satisfies

R TATO
V(c) = sup E, |:/ e (dDy — fi—dN;) + 1{727’0}6_p7—0€0(0) + 1{T<TO}6_pTV1 (Cr)
mell 0

In particular, if Vo(c) > Vi(c — K) for all ¢ > K then it is optimal to abandon the growth option.

Proof. The proof of the first part follows from standard dynamic programming arguments and
therefore is omitted. To establish the second part assume that Vp(c) > Vi(c — K) for all ¢ > K
and observe that AC; = —K + 1{;cp fr— where NV denotes the set of jump times of the Poisson
process. Using this identity in conjunction with the first part we obtain

TATQ
V(e) < sup B, [ | erap— fiany
mell 0

F Lrzmye Po(0) + Lrarye TVo(Crm + Lzeny fr-) |-

and the desired result follows since the right hand side of this inequality is equal to V(c) by standard
dynamic programming arguments. |

In order to establish Proposition 2 it now suffices to show that V(c) > Vi(c — K) for all ¢ > K
if and only if K > K*. This is the objective of the following:

Lemma 19 The constant K* is nonnegative and the following are equivalent:
(1) K > K~,
(2) K =W(CT) = Wo(C5) — (CF = C),
(3) Vo(e) > Vi(c— K) for allc > K.

Proof. The equivalence of (1) and (2) follows from the definition of K* and the fact that by
Proposition 1 we have

Cr ;

Vi(C) = TZ:M

In order to show that the constant K* is nonnegative we argue as follows: Since pg < p1, the set of
feasible strategies for Vj is included in the set of feasible strategies for V;. It follows that Vp <
and combining this with the definition of C} shows that

K7 =W1(C7) = Vo(Co) — (€1 = Cp) = max{V1(C) — €} —max{Vp(C) — C} = 0.
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To establish the implication (1) = (3) it suffices to show that under (1) we have Vj(c—K*) < Vj(c)
for all ¢ > K*. Indeed, if that is the case then (3) also holds since

Vi(e— K) < Vi(e— K%), c>K > K"

due to the increase of the function Vj. For ¢ > K* V Cj the concavity of the function V; and the
fact that the function Vj is linear with slope one above the level Cj imply that
Vile—= K*) <WVi(CY)+ (c— K* - CY)
= Vo(e) + Gy = Wo(Cp) — K7 — Cf = Vo(c)
so it remains to prove the result for ¢ € [K*, Cj]. Consider the function k(c) = Vy(c) — Vi(c — K*).

Using Lemma 9 in conjunction with the fact that Cj < C7 4+ K* by Lemma 20 below we have that
the function £ is a solution to

Lok(c) — Mk(c) + (—pa + po + rE*)V{(c = K*) =0

on the interval [K*, Cj]. Combining Lemma 20 below with the increase of V; shows that the last
term on the left hand side of this equation is positive and since

=
—~
8
~—
I

Vo(Cp) = Vi(Cp — K7) = Wo(Cp) —Wi(C7) — (Cp — K™ = Cf) =0,
K(C5) = Vo(Cg) = VI(Ch — K7) =1-V{(C5 — K*) = 0

by the concavity of V;, we can apply Lemma 14 to conclude that k(c) > 0 for all ¢ < Cj. Finally,
the implication (3) = (2) follows by taking ¢ > Cj§ V (C} + K) [

Lemma 20 We have C5 < C7 + K* and p1 — po — rK* > 0.

Proof. The definition of the constant K™* implies that the first inequality is equivalent to the second
which is in turn equivalent to

C{—Cg>“°;“1.

To prove this inequality, it suffices to show that in the absence of a growth option the optimal level
of cash holdings C} = C*(u;) satisfies

_oCr () _ 1
.

" (47)

By an application of Lemma 16, we have that

e e e e I~

where the function V is defined by

VI(0; X, p) = (X5 1) F (05 1) — B(X5 ) G(05 1) (48)
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for o and f as in equations (9), (10) albeit with p; = p. Using (7), (8) in conjunction with the
definition of the functions a and 5 we obtain

Va0 X, ) =+ (Val05 X, ) + V(05 X, )

T
where a subscript denotes a partial derivative and it follows that

OC* (1) _ =Vx(0:C* (), 1) /7 = Ve(0;C*(u)s ) /7 + ¢ /p — B
Iz Vx (0;C*(n), ) — A

where we have set

A:A<1_T)’ B:A<1+1>.
A+p p Adp\p At+p-—r

By Lemma 12 we have that the function V is decreasing in X and since A > 0 it follows that the
validity of equation (47) is equivalent to

(000 = 70X = (B = £) < A= T 0: ),

which in turn follows from
- 1
VC(O;X;,u)—i-r<B—p> > 0. (49)

Since the difference V — V is a linear function of ¢ we have from Lemma 12 that the function V is
concave. Thus, it follows from the smooth pasting condition that

/ * * A * * A p—r
Ve(0; C* (1), ) = Ve(0; C (M),M)*m > Ve(CH(p); © (u),u)*wrp_r ED

and combining this inequality with a straightforward calculation shows that (49) holds. |

C. Additional results

The proofs of the additional results in the paper are constructed along the same lines as the proof
of Proposition 1. These proofs are relegated to the Supplementary Appendix.
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Figure 1 plots the value-maximizing cash buffer C§j when the firm has no access to external funds (dashed
line) and when the firm has access to external funds (solid line) as a function of the recovery rate on
assets ¢, the arrival rate of investors A, the reinvestment rate r, and the cash flow volatility . The base

parametrization is p = .06, »r = .05, A =4, ¢ = .75, 0 = .1, and pop = .1. In each panel the vertical line

Figure 1: Cash holdings for a firm with no growth option
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Figure 2A: Cash holdings for a firm with a growth option
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Figure 2A plots the value maximizing cash buffer C}; when the firm has no access to external funds (dashed

line) and when the firm has access to external funds (solid line) as a function of the recovery rate on assets

, the arrival rate of investors A, the cash flow volatility ¢, and the growth potential of the firm p; — pg.

The base parametrization is p = .06, r = .05, A =4, ¢ = .75, 0 = .1, pp = .1, py = 0.125, and K = .2. In

each panel the vertical line indicates the base value of the parameter.
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Figure 2B: Change in the optimal cash buffer
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Figure 2B plots the change in the value maximizing cash buffer Cf; — C§ that is due to the presence of a
growth option when the firm has no access to external funds (dashed line) and when the firm has access to
external funds (solid line) as a function of the recovery rate on assets ¢, the arrival rate of investors A, cash
flow volatility o, and the growth potential of the firm p; — pg. The base parametrization is p = .06, r = .05,
A=4, =75, 0=.1, g =.1, u1 = 0.125, and K = .2. In each panel the vertical line indicates the base

value of the parameter.
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Figure 3: Unconditional probability of investment
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Figure 3 plots the probability of investment using internal funds (dashed line) and investment using external
funds (solid line) given that the firm’s cash buffer equals the investment cost as functions of the recovery rate
on assets (, the arrival rate of investors A, the reinvestment rate r, the cash flow volatility ¢, and the growth
potential of the firm py — pg. The base parametrization is p = .06, r = .05, A =4, p = .75, 0 = .1, po = .1,

w1 = 0.125, and ¢y = K = .2. In each panel the vertical line indicates the base value of the parameter.
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Figure 4: Capital supply, investment and default
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Figure 4 plots the probability of investment using internal funds, the probability of investment using external
funds, and the probability of liquidation over a l-year (dashed line) and 3-year (solid line) horizon given
that the firm’s cash buffer equals the investment cost as functions of the arrival rate of investors A. The base
parametrization is p = .06, r = .05, A =4, ¢ = .75, 0 = .1, pug = .1, u1 = 0.125, and ¢y = K = .2. In each

panel the vertical line indicates the base value of the parameter.
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Figure 5 plots the value maximizing cash thresholds C* (dashed line), C~ (solid line) and C* (dotted line)

as functions of the variable cost of external financing ¢, the fixed cost of external financing x and the arrival

rate of investors A. The base parametrization is p = .06, r = .05, A =4, ¢ = .75, 0 = .1, yo = .1, € = .05,

and k = .025. In each panel the vertical line indicates the base value of the parameter.
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Figure 6: Cash holdings with time varying capital supply
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Figure 6 plots the value maximizing cash holdings C7; (solid line) and C7 (dashed line) as functions of the
recovery rate on assets ¢, the arrival rate of investors in the low state Ar, the volatility of cash flows o and
the interest rate. The base parametrization is p = .06, r = .05, o = .75, 0 = .1, ug = .1, A\p = 4, Ag = 24,

nrg = 1.154, and 7y, = 0.233. In each panel the vertical line indicates the base value of the parameter.
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Supplementary appendix

A. Proof of Proposition 3 and some additional results.

Denote the value of the firm by V. Proposition 3 directly follows from the following:

Lemma 21 The unique smooth solution to the free boundary problem defined by (12), (13), (14)
and (15) is given by (W, C}y,) where the function W is defined by (19) and the constant Cyy, is the
unique solution to (22). The function W is increasing, concave and satisfies W(c) < V(c).

Proof. The results follow by arguments similar to those we used in the proof of Proposition 1. We
omit the details. [}

The following result follows by direct calculation.

Lemma 22 The unique solution ¢(c; K) to equation (12) satisfying 1(0; K) = £y and Y (K; K) = £,
1s explicitly given by

P(e; K) = a1(K) Fo(c) — b1(K) Go(c) + ®(c, K)

where the function ay and by are defined by

Go(K)(lo — (0; K)) — Go(0) (1 — (K} K))
Go(K)Fy(0) — Fo(K)Go(0)

al(K) =

and

Fo(K)(fo — ®(0; K)) — Fo(0)(¢1 — ®(K; K))
Go(K)Fo(0) — Fo(K)Go(0)

h(K) =

with ® = ®(c; K) as in equation (21).

Lemma 23 Let ¢/(K; K) < V{(0). Then, the unique solution to the free boundary problem defined
by (12), (13), (16), (17) is given by (U, C};) where the function U is defined by (20) and the constant
Cy; is the unique solution to (22) with

Eo(w) = et 070 o 12 (Gl (2)yor (x — K) — Go(x)v](z — K))
Er(w) = et 070 o 12 (Fi(2)oy (z — K) — Fy(x)v)(z — K)),
and
vi(z) =Vi(z) - P(z + K). (50)

If Y'(K; K) > V/(0) then we let Cf; = K and the function U is defined by (20) with {q(K) =
a1(K), &p(K) = bi(K).



Proof. Using arguments similar to those of the proof of Lemma 9 it can be shown that the unique
solution to (12) such that (16) and (17) hold for ¢ = Cf; is increasing and given by

U(c) = &a(Cp) Folc) — Er(Crr)Golc) + @(¢)

for ¢ < Cf;. As a result, the first part of the proof will be complete once we show that the value
matching condition at zero

U(0) = £a(Cpr) Fo(0) — &p(Crr)Go(0) + 2(0) = Lo (51)

admits a unique solution C}; < C} + K when ¢/(K; K) < V/(0). To this end we start by observing
that, as a result of Lemma 24 below, finding a solution to the free boundary problem (12), (13),
(16), (17) is equivalent to finding a linear function ¢ that is tangent to the graph of the function
01 defined by

vi(c — K) = Fo(c)01(Z(c)) = Fo(c)tn <f7(())((z))) "

and such that
6(Z(0))Fy(0) = £ — B(0).
A direct calculation using the results of Lemmas 16 and 20 shows that
Lovi(c— K) = vi(c) = (r—p)c—C; — K)t + (=1 + po + rK)V{(c — K) <0

for all ¢ > K and it now follows from Lemma 24 that 0;(y) is concave for all y > Z(K). On the
other hand, since Vj is concave, we obtain

A /

A p—r
- > *
o = Ve

v(e—K)=Vie - K) T Atp-r Adp-r

>0

and it follows v;(c — K) is positive for sufficiently large values of c¢. Since Fj is nonnegative and
decreasing, this implies that the ratio v (c— K)/Fy(c) is increasing for large ¢ and it now follows from
Lemma 24 below that ©1(y) is increasing for large values of y and is therefore globally increasing
in y > Z(K) since it is concave in that region.

Since by assumption ¢/ (K; K) < V/(0) we have that the line passing through the points

(Z(0), (4o — 2(0))/Fo(0))
and
(Z(K), (61 — ©(0))/Fo(0))

has a higher slope at y = Z(K) than v;. Using the concavity and increase of 91, it is then immediate
that there exists a unique line passing through (Z(0), (4o — ®(0))/Fp(0)) that is tangent to 01 at
some y* > Z(K). Setting Cj; = Z~1(y*) proves the existence of a unique solution to the value
matching condition (51). Since ¥; is concave, it lies below its tangent line at y* and, transforming
back to Vi(c — K) and U(c), we get U(c) > Vi(c — K).



In order to prove that U(c) < V(¢), and thus complete the proof, consider the investment,
dividend and financing strategy 7V defined by 7 = x5 A T DY =0 and

fr=Ci+K-C)" (53)

where 7 denotes the first jump time of the Poisson process and 73; denotes the first time that the
firm’s cash reserves reach the level Cf;. As is easily seen, we have

TO o0
E, [ / e "' (dDf + ftU_dNt)} < E, [ / e PHCT + K)dN; | = L(C; + K)
0 0 A+p

and it follows that 7¥ € II. On the other hand, using an argument similar to that of the proof of
Proposition 1 it can be shown that the process

. tATONTE;
Y, = e MU (Copronrs ) + / e ? (dDY — U dN,)
0

is a uniformly integrable martingale. An application of the optional sampling theorem at the finite
stopping time 7 then implies

TATO
U(c) =Yy = E[Y,,] = E. [e‘pTATOU(CT,\TO) + / e " (aD¥ — f¥ st)]
0
TATO
—E, [1{T<To}epTV1(CT) + Lirp<rye Pl + / e " (aD¥ — f¥ st)]
0

and the desired result now follows from Lemma 18 by taking the supremum over the set of admissible
strategies on both sides. |

Lemma 24 Let q denote an arbitrary function and define ¢ implicitly through

o)

0(6) = Fo(e)i(2(e) = Fa(oi (
Then we have:
(a) The function Z is monotone increasing and 4(y) = q¢(Z~*(y))/Fo(Z71(y)),
(b) The function q solves (42) if and only if the function § is linear,
(c) For an arbitrary ¢ > 0,
min{q'(y)(a(c)/Fo(c))’, 4" (y)(Loa(c) — Aq(c)))} > 0
with y = Z(c).

Proof. The first two claims follow by direct calculation using the definition of ¢, Fy and Gy. The
third claim is formula (6.2) in Dayanik and Karatzas (2003). [

Lemma 25 The threshold C}, = Cy,(K) is decreasing in K and satisfies Cy, (K*) = Cj.



Proof. By (22), we have that Cfj, is the unique solution X to

- A " w1 Ho
= Vp(0; X) + —2— e -gk+ My KR
2p(0) = Vp(0; X) + P ((r/p ) CY + p + /\—i—p—r)

where V is defined in (48). As shown in the proof of Lemma 12, the function V;(0; X) is monotone
decreasing in X and the desired monotonicity with respect to K thus follows by differentiation. To
show that C7j, converges to Cj as K — K* we argue as follows. By definition of K* we have

Vi(CT) = Cf = K7 = W(Cp) — G-
Thus, it follows from Lemma 16 that the function Vg solves
0= LoVo(c) + A[Vo(Cp) — Cf + ¢ = Vo(e)] = LoVo(c) + A[VA(CT) — CF — K™ + ¢ — Vo (c)]

on the interval [0, C§] with the boundary conditions V{(C§) = 1, V”(C) = 0 and the desired result
follows from the uniqueness part of Lemma 21. |

Lemma 26 The following are equivalent:
(1) K > K*,
(2) W(Cy (K)) = Gy (K) < Vi(CF) = (CF + K).
Proof. Evaluating the ODE
LoW (c) + AM[WV1(C])—C; —K+¢]=0

at the point ¢ = (Y, and using the definition of K* we obtain that

* * * * P * p—-r * *
W(CW)_CW_(Vl(Cl)_Cl_K):m(K_K )+)\+p(co—cw)

and the desired equivalence now follows from Lemma 25. [ |
Lemma 27 (a) If K > K* then W(c) > Vi(c — K) for all ¢ > K.

(b) If K < K* then either Vi(c — K) > W (c) for all ¢ > K, or there exists a unique crossing
point CF < C < Cf + K such that Vi(c — K) < W(c) if and only if c < C.

Proof. We only prove part (b) as both claims follow from similar arguments. Since W is concave
by Lemma 21, we have

Wi(c) <W(Cy)+c—Cy
and it now follows from Lemma 26 that
k(c)=W(c)—Vi(e— K) <W(Cy) - Cy — (Vi(Cy) —CT — K) <0.

for all ¢ > Cf + K. In order to complete the proof of the first part we distinguish three cases
depending on the location of the threshold C7;,.



Case 1: Cy, < K. In this case the function W is linear for ¢ > K. Since V} is concave, the
functions Vi(c — K) and W(c) can have at most 2 crossing points. But, since Vi(c — K) < W(c)
for large ¢ as shown above, there can be at most one crossing point.

CasE 2: Cf, > CF + K. Suppose towards a contradiction that the function k& has more than
one zero and denote by zp < z; its two largest zeros in the interval [K, C{ + K]. Then, k(c) > 0
for ¢ € (29, 21) due to the above inequality and it follows that the function k has a positive local
maximum in the open interval (zo, z1). Since Cj, > C} + K, it follows from Lemmas 16 and 21
that the function k solves

Lok(c) = Ak(c) + (—p1 + po + 1K)V (c = K) =0 (54)

in the interval [0, Cf + K] and the required contradiction now follows from Lemma 13 and the fact
that p1 — po — 7K > 0 whenever K < K* as a result of Lemma 20.

Case 3: C}, € [K,Cf + K. If 21 < Cjy, then the argument of Case 2 above still applies
so assume that the function k does have zeros in the interval [C};,, C7 + K]. Since Vi(c — K) is
concave in that interval and k(C7 + K) < 0 we know that the function k can have at most one
zero there. Denote the location of this zero by z so that k(c) > 0 for ¢ € [C}y, 2) and k(c) < 0
for ¢ > z. Since the function k solves (54) on the interval [0,CY;] and satisfies k(Cy,) > 0,
K (Cy) =1-V/(Cy, — K) < 0 it follows from Lemma 14 that k(c) > 0 for all ¢ < Cjj, and the
proof is complete. |

B. Proof of Theorem 4

We start this appendix with a standard verification result for the HJB equation associated with
the firm’s problem:

Lemma 28 If ¢ is continuous, piecewise twice continuously differentiable and such that
max{Lo¢(c) + Fo(c); 1 — ¢'(c); Vile — K) — ¢(c), bo(c) — ¢(c)} <0,
and at each point ¢ at which ¢'(c) jumps, we have ¢'(c_) > ¢'(c4.). Then, V(c) < ¢(c) for all ¢ > 0.

Proof. Fix an arbitrary strategy m € II, denote by C; the corresponding cash buffer process and
consider the process

Y, = e Plp(Cy) + /0 t e~ P*(dDy — fo_dNy).

Using arguments similar to those of the proof of Lemma 8 it can be shown that Y; is a local
supermartingale® and since

70
Zy = Y;t/\‘ro > _/ e—ps(st + fS*dNS)
0

5The cases when the derivative of the function jumps at finitely many points can be handled by the Ito-Tanaka
formula. See Karatzas and Shreve (1991, Chapter 3.6) for more details.



where the right hand side is integrable by definition of the set II we conclude that Z; is a super-
martingale. In particular,

¢(c) = ¢(Co) — Ap(Co) = Zo — AP(Co) = Ec[Z7] — Ap(Ch)

r TATO
=E. e P0G (Crpry) + /

P (dD, — fs_stﬂ — AG(Co)
0+

r TATO
= Ec e_pTATO¢(CTATo) + / e_ps(st - fsts):| - ADO - A¢(CO)
L 0

> E. 1{7‘0§T}67PT0€Z-(0) + 1{T0>T}€pTV1(CT):|

TATO
+ E. / e P*(dDs — fs_st)] — ADg — Aé(Co)
0

TATO
> Ee |1iry<rye PP4i(0) + Lpysrpe P7VI(Cr) + / e P*(dDy — fs_dNy) (55)
L 0

where the first inequality follows from the optional sampling theorem for supermartingales, the
second inequality follows from the assumptions of the statement, and the last one follows from

Co-
ADy + A¢(Co) =ADg+ ¢(CO— - AD()) — (]5(00_) = /; ap (1 — ¢/(C))d6 <0.

Taking the supremum over 7 € II on both sides of (55) then gives
TATO
80) 2 Sp Ex [Lnynpe ™6(0) + Limme VA(C) + [ €7D, ~ fudN.)
mell N 0

and the result now follows from Lemma 18. |
Lemma 29 If U'(0) > W'(0) then U satisfies the conditions of Lemma 28 and C};, < C} + K.

Proof. First of all, if ¢/(K; K) > V{(0), then we have Cf; = K from Lemma 23 and we only need
to show that U’(c) = ¢'(c; K) > 1 for ¢ < K. To this end, let W be the unique solution to

LoW (e) — AW (e) + M(VA(CT) — Cf +¢) =0, c>0,

which coincides with the function W on the interval [0, C};,]. Since W satisfies W’/(C};,) = 1 and
W"(Cyy) = 0, it follows from Lemma 15 that W/(c) > W/(C};,) = 1 for all ¢ > 0. Then, the

difference m(c) = ¥(c; K) — W (c) satisfies
Lom(c) — Am(c) =0, cel0,K]. (56)

Furthermore, m(0) = 0 and m’(0) > 0 since, by assumption U’(0) = ¢/(0; K) > W’(0) = W'(0).
Lemma 14 implies that m/(c) > 0 that is ¢'(c; K) > W’(c) > 1, which is what had to be proved.
Now assume that ¢/(K; K) < V/(0) so that C}; > K. In order to show that U’(c) > 1, consider

the function ¢(c) = U(c) — W(c). By Lemmas 21, 23 we have that the function ¢ solves (56) and,



since ¢(0) = 0 and ¢/(0) = U'(0) — W'(0) > 0 by assumption, it follows from Lemma 13 that
¢'(¢) > 0 and consequently

U'lc) >W'(c) >1, c < Cf. (57)

Using (57) in conjunction with the definition of the liquidation value, it is immediate to show that
U(c) =U(0) +/ U'(z)dz = €0(0) +/ U'(z)dz > £o(0) + ¢ = £y(c).
0 0

The inequality U(c) > Vi(c — K) is contained in the proof of Lemma 23 and the proof that U
satisfies the conditions of Lemma 28 will be complete once we show that LoU(c) + FU(c) < 0. A
direct calculation using the fact that, as shown below, Cf; < C7 + K together with the definition
and concavity of the functions U and V7 shows that

0, c < Cp,
LoU(c) + FU(c) = (rK — p1 + po)V{(c — K), Ch<c<Cf+K,
(r — p)c — (CT + K)) + o - + 7K, ¢ > Cf + K.

and the desired result now follows from the increase of V; and the fact that pg — p1 + rK < 0 for
all K < K* by Lemma 20.

In order to show that Cf; < C7 + K assume towards a contradiction that Cf; > C7 + K. In
this case we have that U’'(C{;) = 1 and, since U(c) > Vi(c — K), we get that U(c) is convex in a
small neighborhood of Cf;. This implies that U'(c) < U'(Cy;) = 1 for ¢ in this small neighborhood,
which is impossible die to the first part of the proof. |

Having dealt with the case where the firm uses exclusively the strategy (U), we now turn to
the case in which the firm mixes the strategies (U) and (W). To state the result, recall that the
function vy is defined by equation (50).

Lemma 30 Assume that U'(0) < W'(0). Then the unique solution to the free boundary problem
defined by (23), (18), (24), (25), (26) is given by

W (e), c<Cp,
Vie) =< S(eo), C; <c<Cf, (58)
Vife— K), ¢>Cj,
where the function S is defined by (28) and the constants Ci € [C}y,,C), Cyy € [Cf;,CF + K] are
the unique solutions to the value matching and smooth pasting condition

S(C1) = &a(Ci) Fo(CL) — Er(C)GoH(CL) + @(CF)

= W(Cp), (59)
S'(CL) = &a(Ci)Fo(CL) — €r(Ci)Go(CL) + @'(CT)

=W'(C;) =1 (60)

Furthermore, max{W (c), Vi(c— K)} < V(¢) < V(c) for all ¢ > 0.



Proof. Using arguments similar to those of the proof of Lemma 9, it can be shown that the unique
solution to (23) such that (24) and (26) holds is given by (58) and the first part of the proof will
be complete once we show that (59) and (60) admit unique solutions.

By Lemma 24, finding a solution to (18), (23), (24), (25), (26) is equivalent to finding a linear
function that is tangent to the graph of the functions w and 9; defined by

w(c) = W(c) — ®(c) = Fo(c)ib(Z(c)) = Fo(c)i @(?((z))) |

and (52). A direct calculation using the results of Lemma 21 shows that
Low(c) — Mw(e) = (r — p)(c = Ciy)"

and it now follows from Lemma 24 that the function  is linear for y < Z(Cj;,) and concave
otherwise. Since W (c) is concave by Lemma 21, we get

> 0.

o (o — por

/ ! A _
w'(e) =Wie) Ap—1r— Adp—r A+p-—r

Since Fy is nonnegative and decreasing, the ratio w(c)/Fy(c) is positive and strictly increasing for
sufficiently large c. Therefore, Lemma 24 implies that w is increasing for sufficiently large values of
y and, since w(y) is concave, it is globally increasing.

Since

U(0) = W(0) = 4o,
we obtain that both w and the function

a(y) = (U(Z7(y)) = (27 ()))/Fo(Z7 (y))

are linear on [Z(0), Z(C}y,) A Z(CY;)] and coincide at Z(0). The inequality U’(0) < W’(0) implies
that i(y) < (y) for all y € [Z(0), Z(C}iy) A Z(CF)]. Tt follows that Cy, < C' < Cj; because 1 is a
linear function that crosses the graph of the concave function o1 (y) at the point Z(C) and, by the
definition of C, we have w(y) < ¢1(y) for all y > Z(C).

Since
U(e) > Vi(e— K), c < Cf,

by Lemma 23, we get that the linear function

w(Z(0))Z(Ciy) — w(Z(Cyy)) 2(0)
Z(Cyy) = 2(0)

w(Z(Cyy)) — w(£(0))
Z(Cyy) — 2(0)

w(y) = Y+

is tangent to the concave function w(y) and lies strictly above the concave function vy (y) for all

y > Z(C). On the other hand, since

i (2(C)) = w(Z(0)),
W (2(C)) > ' (Z(C))



as a result of Lemma 27, we have that the tangent line to @ at the point y = Z(C) lies strictly below

vy for y > Z(C). By continuity, this implies that there exists a unique point y; € (Z(Cyy), Z(C))
such that the tangent line to w at y7 is also tangent to 91 at some y7; > y7. Setting

Cr=2""y1) < Z ' (yn) = Ci

produces the unique solution to (59), (60) and it now only remains to show that C};, < Cj; < CT+K.
Since w is is increasing and concave its tangent line at the point y; crosses the vertical axis above
the level w(Z(0)). However, if C}; was larger than C7; then this tangent would have to cross the
vertical axis below 4(Z(0)) = w(Z(0)) thus leading to a contradiction. Furthermore, since w and
01 are both concave, we get that 0 > max{w,0;} and therefore V(c) > max{W(c), Vi(c — K)}.
The claim C7%; > C7 + K follows from Lemma 31 below.

In order to show that V(c) < V(c), and thus complete the proof, let 7} (resp. 7j;) denote the
first time that the firm’s cash reserves falls below C} (resp. increases above C7;). Using arguments
similar to those of the proof of Lemma 29 it can be shown that

V(C) = E. 1{T;I<TN/\TE}€_pT;I Vl(c}k:[ - K) + 1{TE<TN/\T;I}6_MZW(C}:)
Ly arparge ™ (A(CF) = Cf = K + Cry )]

On the other hand, using arguments similar to those of the proof of Proposition 1 it can be shown
that the function W satisfies

TONTN
W(c) = E. |:1{TO<TN}e_pT0€0 + 1{TOZTN}€_pTNV1(CT) + / e ”(dLs — fsU—dNS):|
0
where L; = sup,«; (X; — Cjj,)t with
dX; = (TXLL_ + Mz)dt + odB; + (C;/(V - Xt_)+dNt ,

and fY is defined as in equation (53). Combining these two equalities and using the law of iterated
expectations then gives

TONT
V(e) = B, [1&0«}6’“50 + Lnzrye TVA(Cr) + / e *(dDy — fLdN)
0

where 7 = 7y A 7f; and the cumulative dividend process is defined by

t
DtVZ/O Lo, <c;ydLs.

As is easily seen the strategy (7, DV, fU) is admissible and the desired result now follows from
Lemma 18 by taking the supremum over admissible strategies on both sides. |

Lemma 31 If U'(0) < W'(0), then V satisfies the conditions of Lemma 28 and C§; < Cf + K .



Proof. To show that V' > 1 we start by observing that this inequality holds in [0, C}] U [C};, 00)
due to the definition of the function V' and Lemmas 16, 21, 23. On the other hand, since we know
that Cj; > Cf > Cfy,, we have V/(C}) = W(C}) =1 and

V(c) > W(c) =W(Cy) +c— Cyy, C; <c<Ck.

This immediately implies that V”(C}) > 0 and since J(c) = V'(c) is a solution to

o2
?J”(c) + (re+po)J'(c) = (A+p—r)J(c)+ X = 0,

it follows from Lemma 13 that J' = V" can have at most one zero in the interval Z = [C}, C}]. If
no such zero exists then V" > 0 in Z and consequently V’(c) > V/(C}) =1 for all ¢ € Z. If on the
contrary V" has one zero located at some ¢* € Z then we have that V'’ reaches a global maximum
over Z at the point ¢* and since V'(C};) = V{(C}; — K) > 1 due to the concavity of V;, we conclude
that the inequality V’(¢) > 1 holds for all ¢ € 7.

Let us now show that C}; < Cf + K. Indeed, if this is not the case, we have V/(C};) = 1
Since V (c¢) > Vi(c — K), we have that V(c) is convex in a small neighborhood of C}; and therefore
V'(¢) < V'(Cj;) = 1for cin this small neighborhood, which is impossible by the previous paragraph.

Using the fact that V/ > 1 in conjunction with the definition of the liquidation value it is
immediate to show that

Vie) = V(0) + /O V' (@)dz = £o(0) + /0 V' (@)dz > £o(0) + ¢ = £o(c).

The fact that V(c) > max{W(c), Vi(c— K)} is contained in Lemma 30. Finally, since Cyj, < C} <
Cy < C7 + K it follows from the definition and concavity of the functions W and V7 that

0, c < Cyy,
r—p)(C = C3), Cr <e< 0y,
LoV(e) + FV(c) = é PIC = Cy) ey

AV{(e~K) + (r - p)c— Cf — K)*, ¢> C,

where we have set A = ug — p1 + rK. By Lemma 19 we know that A > 0 whenever K < K* and
it thus follows from the increase of the function Vj that

LoV (c)+ FV(c) <0, c>0.
and the proof is complete. |
Lemma 32 There exists a unique K** € (0, K*) such that U'(0) > W'(0) if and only if K < K**.

Proof. We know from the proof of Lemma 33 that U’(0) = ¢'(0; K') > W’(0) for sufficiently small
K. Similarly, for K = K* we know that Vj(c¢ — K*) touches W(c) from below at Cf + K so that
C; =C5; =Ct+ K and U’'(0) < W’(0). Thus, it suffices to show that there exists a unique point
K™ < K* such that

U(0; K**) = W (0; K**).
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Assume towards a contradiction that this is not the case so that there exist two points K < Ky
such that U’(0; K1) = W’(0; K1) and U’(0; K2) = W/(0; K3). Let the function W; denote the unique
solution to

LoWi(c) — \Wi(e) + \VA(C}) = Cf — K;+¢) =0, >0,

which coincides with the function W (-; K;) on the interval [0, C};, (K;)] and recall from the proof
of Lemma 29 that this function is concave for ¢ < ¢f = Cj,(K;) and convex for ¢ > ¢} so that
it satisfies W/(c) > W'(c}) = 1 for all ¢ # ¢}. Since U(0; K;) = W;(0) by definition, the equality
U'(0; K;) = W'(0; K;) implies that the functions coincide for ¢ < Cf;(K;) . Consider the function

m(c) = Wi(c) = Vi(e — K)
and which satisfies equation (54). If Cf;(K;) > Kj, then m(Cp(K;)) = m/(CH(K;)) = 0 and it
follows from the proof of Lemma 29 that we have m(c) > 0 for all ¢ > K;. If C(K;) = K; then
W/(C}(K;)) > V{(0) implies that we have m(Cf;(K;)) = 0 as well as m’(C};(K;)) > 0 and therefore
m(c) > 0 for ¢ > K; by Lemma 14.
Now consider the function

k(c) = Wa(c) — Wi(c)
which is a solution to
2
(re+ po)k () + %k”(c) —(p+A—=1)k(c) =0, c>0,

and satisfies k(c3) > 0, k(c]) < 0. Since k(c) cannot have local negative minima by Lemma 13, it
follows that there exists a unique point ¢, € (c3, ¢}) such that k(c.) = 0, k'(cx) > 0 and k(c) > 0
for all ¢ > ¢, and k(c) < 0 for ¢ < c,. That is, Wo — Wj attains its global minimum at c, and
(Wy — W1)"(cx) > 0. Evaluating the equation

1

502 (Wa = Wh)"(c) + (re+ po)(Wa = W1)'(c) = (p+ X)(Wa — W) (c) + M(K1 — K2) = 0

at the point ¢ = c,, we get

(W — Th)(e) > piAm k).

and therefore
A

(W1 —Wa)(e) < m(KZ - K1)

for all ¢. However, since by the above, Wi(c) > Vi(c— Kj) for ¢ > K7 and V{ > 1, we get

)\ * * * *
m(f@ - K1) > Wi(Cx) = Wa(Cx) = Wi(Cx) — Vi(Cl — Ka)
> Vi(Ch — K1) — Vi(Cfp — K) > Ko — K,
which is a contradiction. [ |
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Lemma 33 There exists a unique K € (0, K**) such that, for K € (0, K**), we have {/(K,K) <
V/(0) if and only if K > K.

Proof. First of all, we show that limg o ¢’ (K; K) = +00. Indeed,
Go(K)Fy(0) — Fo(K)Go(0) ~ K (Gh(0)Fo(0) — Fy(0)Go(0)) = ak
with a > 0. Therefore,
V(K K) = (aK)™ (Go(0)(lo — £1)F5(0) — Fo(0)(lo — £1)Go(0)) = K~ (61 — (o)

and the required assertion follows from the fact that /1 > £y.

Since ¢/ (K; K) is continuous in K, it remains to show that the equation ¢/(K; K) = V{(0)
can have at most one solution K . Suppose the contrary that K; < K5 are tow solutions of that
equation and let v;(c) = ¥(c; K;) so that

ﬁowi(c) — )\1%(6) + )\(V1<Cik) — Cik - K;+ C) =0,c>0.

By Lemma 29, ¢'(¢; K) > 1 since K < K**. Now, consider the functions Qﬁz(y) = ;(y+ K;) . Then,
o
2

Let m(c) = 91(y) — a(y). Then, m(0) = ¢1(K1) — ¢2(K2) = 0, m/(0) = ¢} (K1) — ¢}(Ka) = 0.
Furthermore,

V7 () + (ry + 7K + po)(y) = (p+ Ni(y) + AVA(C) = CF +y) = 0.

0.2

5" () + (ry + 7K1 + po)m’ (y) — (p+ Nymy) + (K — Ka)di(y) = 0.

Since Qﬁé(y) > (0, Lemma 14 implies that the function m is positive and monotone decreasing so
that ¥1(y) > 12(y) for y < 0. Since 1) is monotone decreasing, this further implies that

ly = 1 (—K1) > ha(—K1) > ho(—K>) = Lo,
which is a contradiction. [ |

C. Issuance Costs

To facilitate the proof, we redefine the operator F of equation (38) as
FVie) = A r?géc(V(c+f) —(I+e)f —V(c) — IfsoK).

As in the text we denote by u the growth rate of the firm’s cash flows and accordingly drop the
subscript ¢ from the definition of all functions and operators.

Proof of Propositions 6 and 7. In complete analogy with Proposition 1, it suffices to show that
V (¢) solves the HJB equation

max{Lo(c) + Fo(c), 1 — ¢(c), £(c) — $(e)} = 0. (61)

12



Suppose first that € > €. Then, the concave function Vy—o(c) clearly solves (61) by Proposition 1
and it is optimal not to raise any funds. Similarly, if ¢ < € but k > %(g), the same conclusion
applies and Vy—¢(c) is the value function. So, let us assume that e < € and x < K(¢). Then, by the
definition of € and %(e), the thresholds C(C}_,) and C(C}_,) exist and are positive. We will first
show that the following is true.

Lemma 34 C(X) and C(X) are monotone increasing in X.
Proof. Let us first show that, for X; < X3, we have
Vico(e X1) < Vin(e Xa) (62)

for all ¢. Indeed, by equation (2), we have that k(c) = Va—o(c; X2) — V=0 (c; X1) solves equation (30)
for ¢ < X7 with &' (X1) = V{_y(¢; X2) =1 > 0 and k"(X;) = V{’_(¢; X2) < 0. By Lemma 15, this
implies that &'(c) > 0, k”(c) <0 for all ¢ < X;. Finally, for ¢ > X1, k'(c) = V{_,(c; X2) —1 >0,
and the claim follows. Thus, we have

Vico(C(X1); X2) > Vio(C(X1); X1) =1+¢,

and therefore C(X5) > C(X1) since Vy—g is concave. On the other hand, since V)_(c; X2) >
Vi_o(c; X1) for all ¢ > 0, we have

ko= Vazo(C(X1); X1) — Vazo(C(X1); X1) — (1 4 ¢) (C(X1) — C(X1))
< Vamo(C(X1); X2) — Vao(C(X1); X2) — (14¢) (C(X1) — C(Xy))
< Vazo(C(X2); X2) — Vazo(C(X2); X2) — (14 ¢) (C(X2) — C(X1))
and therefore C(X2) > C(X;). [

By Lemma 12, we know that the function Vi—g(c; X) is monotone decreasing with respect to
the threshold X for all ¢ < X. Therefore,

VA=0(C(X); X) = (1 +¢)C(X) = Va=o(C(X); X) — (1 +¢)C(X) + (63)
is monotone decreasing in X. Indeed,
a o
dX 0X
Now, since V' (¢; X) is a solution to equation (29) for ¢ < C(X) it follows from by the same argument
as in the proof of Proposition 1 that it can be written down as

o A e A((p A=) (Keo(CX):X) — (L+)C(X)) + p)
VieX) = V(e X) + s AT

Vico(C(X); X) — (1 +6)C(X)) = Vimo(C(X); X) < 0. (64)

, (65)

where V solves the homogeneous ODE given by (30). A direct calculation shows that, in fact, V'
satisfies a high contact condition with V\—g at C(X). Therefore, by Lemma 15, V' is concave and
increasing on [0, C(X)] and, in particular, V'(¢; X) > 1+ ¢ for all ¢ < C(X).

By (63) and (64), Va—o(C(X); X) — (1 + ¢)C(X) is monotone decreasing in X. We will now
prove the following auxiliary result.
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Lemma 35 V(c; X) is concave in ¢ and is monotone decreasing in X.

Proof. The fact that V is concave in ¢ follows from (65) and the concavity of V' so it only remains
to prove monotonicity in X. Fix X; < Xs, define

k(c) = V(C;Xl) —f/(c; Xs)

and let us first show that k(C(X;)) > 0. Since V|_(¢; X) > 1+ ¢ for ¢ < C(X) and, by Lemma
34, C(X;) < C(X3), we get

Va=0(C(X2); X2) = V\=o(C(X1); X2) > (1+¢)(C(X2) — C(X1))

and combining this with equation (65) gives

V(C(X1); X1) — V(C(X1);Xa) = (VA_O(C(Xl);Xl)

B piA(VA_O(C(Xl);Xl) - +6>0<X1>>> - (VA_0<0<X1>;X2>

+ pi)\(VAo(C(Xﬂ;Xz) -1 +€)C(X2))> > Vaeo(C(X1); X1) (66)
- IH)\)\(VAO(C(XI);Xl) — (1+e)C(X1)) — Vamo(C(X2); X2)

+(14+2) (C(X) = CL0) + -2 (VhealCXa): Xa) = (14 )C(Xa))

= P-FL)\ (Ma=0(C(X1); X1) — (1 +6)C(X1)) — (Vazmo(C(X2); X2) — (1 +¢)C(X2))) =0

where the last inequality follows from (64).

Suppose towards a contradiction that V(O;X ) is not monotone decreasing in X so that there
exist X1 < Xy with V(0; X;) < V(0; X2). By continuity and (66), there exists a ¢ < C(X;) such
that V(q; X1) = V(g; X2). Since k solves equation (30) and clearly satisfies k(q) = 0 k'(q) > 0
and k(C(X1)) > 0 a small modification of Lemma 14 implies that k'(¢) > 0 for all ¢ € [¢, C(X1)].
Now consider the function defined by

p(c) = V(e; X1) — V(e; Xa)

Due to equation 64 we have that this function satisfies p(q) > 0 as well as p/(c) = k'(¢) > 0 for all
¢ € [q,C(X1)]. On the other, equation (62) implies that p'(C(X2)) < 0 and so there exists a point
z« € (C(X1),C(X2)) where p’ will change sign and the minimal value of ¢ at which this happens
will be a local maximum of p but since

%021)”(6) + (re+p)p'(c) — pple) = A(V(C(X2)) = V(e) = (1 +e)(C(X2) —¢)) = 0

for all ¢ € (C(X1),C(X2)) it follows from Lemma 13 that p cannot have positive local maxima.
This provides the required contradiction and completes the proof. [
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We now complete the proof of Proposition 7. Recall that V \—(0; C5_,) = €(0) and consider the
function defined by

k(c) =V (c;Ci—gy) — Vazo(c; Cr—p)-
As is easily seen, we have
k(C(C3=0)) = K(C(C3=0)) = K"(C(C3=0)) =0 < K"(C(C3=0))

so that £ is negative and increasing in a small interval to the left of C(C}_,). By the same argument
as in the proof of Lemma 14, this implies that k(c) < 0 for all ¢ < C(C}_,) and therefore that
V(0;C3_y) < £(0). Since C(X) is monotone increasing in X and always satisfies C'(X) < X, there
exists an X* € [0,C5_,] such that C'(X*) = 0 and it now follows from (64) that
V(0; X7) = V(C(X7); X7) = (1+e)C(X") = V(C(Cip); Crzp) — (1 +6)C(Crm)
> V(0;C3g) = £(0).

By continuity and monotonicity, this implies that the equation V' (0; X') = £(0) has a unique solution
in the interval [X*, C}_,] and completes the proof. [

D. Time-Varying Capital Supply

In order to describe the solution to the firm’s problem in the presence of time-varying capital supply,
we need to introduce the following notation. Let

Fi(z) = M(=0.504;0.5; —(rz + p)?/(0?r)),

TT +
G (o) = = ﬁ“ M (=0.5(vs — 1); 15; —(ra + )2/ (o°r)),
where
p+ s
vy = ;
T
Sy = (moa + ML) + (7 + Au) £/ ((mow + ML) — (7aL + Aw))2 + 47LumaL
2 )
and

Ep(x) = M(=0.50;0.5; —(ra + )2/ (0?r)),

Gon() = ZE 2 M(—0.5(0m — 1); 15— (rz + )2/ (0%1),
N
for m = H, L, where
~ o P + )\m +THL
m f’

and as before M is the confluent hypergeometric function. Solving the firm’s problem yields the
following counterpart to Proposition 1:
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Proposition 36 There exists a unique pair (Cy;, C}) of cash buffer levels that mazimizes the firm
value. Let m € {H,L} denote the state with a higher optimal cash level and n the state with the

lower optimal cash level.® For ¢ < C¥ the value of the firm is given by

<VL(C)> = D ni(niFi(e) +72iG5(0)) + <“LC+bL>,

VH(C) je{+} agc+by

<aL> B 1((,0— T))\L + AgAL + THLAL +7TLH)\H>
d

am (p—1r)Ag + AgAL + THLAL + ToaAH
and
<bL> _ 1< (p+Am)(par + AL(Ve(CL) = C)) + Z )
bu) d\(p+AL)(wag +Ag(Va(Cy) —Ch)) + Z)°
where

d=(p+ A +mLu)(p+ i +7HL) — TLHTHL,

d=(p+Ap+7y —7)(p+ Ay +7HL —7) — TLHTHL,

Z =mhr(par + Ap(VL(Cr) — C1)) + moa(pan + Aa(Va(Cy) — Cp)),
and we have set

(a0 0)
+ 7TLH+)\L+/\:|:.

For c € [C},C} ], the value of the firm is given by
Vin(€) = Vin(C) + (¢ = Cry),
i state m, and

Vin(e) = aiFp(c) + b;Gy(c)
An + Tnm M (Va(Cr) = CF) + Tpm (Vin (CF,) — Cr) p+re

(67)

+c+
p+An+7Tnm An + Tam p+)\n+77nm

—r

in state n where the constants v1+, Yo+ an and b, are determined through the corresponding smooth

pasting and value matching conditions.

The expressions for the value function, provided in Proposition 36 follow directly from the

following lemma which can be verified by direct calculation.

Lemma 37 The general solution to the non-homogeneous differential system defined by (36) is

given by (67) for some constants 1+, Yo+

SWhile we haven’t been able to formally prove that it is the case, economic intuition and the numerical results

presented in Figure 6 strongly suggest that C7; > C; in which case m = H and n = L.
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The difficult part in the proof of Proposition 36 consists in finding the unknown constants
Y1+, 72+ and showing the existence of the optimal cash holdings C7, C7;. To this end we will use
an iterative procedure, similar to that used in Jiang and Pistorius (2010).

Let Y be an arbitrary but fixed function, denote by 7y a random time distributed according to
an exponential distribution with parameter 7 > 0 and consider the optimal dividend and financing
problem defined by

Ty ANTO
V(C) = sup EC |:/ e_pt(th - ftdet) + 17-O<7-Y€_p7—0€0 + 17-Y<7-06_pTYY(C7-Y) (68)
(f.D)e® 0

subject to
dCy = (rC— + po)dt + 0dB — dDy + fr—d Ny

where 79 stands for the firm’s stochastic liquidation time and the set © is defined as in Appendix A.
This problem is similar to that we considered in Section 3 except that the firm will be automatically
liquidated with value Y (C, ) at time 7y if it is still alive at that time.

The following sequence of auxiliary lemmas describes how the value function V(¢;Y) can be
calculated given a conjectured optimal cash reserve level X.

Lemma 38 Let X > 0 denote an arbitrary threshold level. The unique solution to

%UQV"(C) +(re+p)V'(e) = (p+mMV(e) + MV (X) = (X =) = V() +7Y(c) = 0 (69)

such that V'(0; X) =1 and V"(0; X) = 0 is given by

F(X)G(c) — G(X)F(c)

V(e X) =

J(X) ’
n rX +pu+7Y(X)+ A\V(X;X)G(X)F(c) — F'(X)G(c)
p+A+m W(X)
X ¢)F(x) — F(¢)G(x
+ 022/ (GloF( &/($?( )& ))(WY(.T) +AV(X;X) — (X —¢)))dx.
and satisfies
VX X) = rX—i—/pAi—;rY(X)

with J(x) = G'(x)F(z) — F'(x)G(z) andv = (p+ A+ m)/r.
Proof. The proof follows by direct calculation and therefore is omitted. |

Lemma 39 Suppose that Y is concave, increasing and satisfies Y (c¢) < k + ¢ for some k > 0 as
well as Y(0) > £(0). Let also

re+pu+7Y(e) + AV(X;X)—X)— (p+m)c
p+m+ A

n(e) =

9
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and define

X" = argmaxn(c).

c>0
as well as
e X) = {wc;X) : ¢ > ((X),
V(C(X); X) + (e =¢(X)), c=<((X).
where’

¢((X) = max{sup{c < X : V'(¢;X) <1}, 0}.
Then there exists a unique solution C* > X* such that V(0;C*) = £(0). Furthermore, ((C*) = 0
and therefore V'(c; C*) > 1 for all ¢ € [0,C*].

Proof. It follows by standard arguments that V(c; X)) is continuous in X. Since X* is the maximum
of the function n we have n/(X*) = 0 > n”(X*).® Differentiating equation (69), we get that
V"(X*; X*) < 0, and therefore ((X*) = X*. Furthermore, the functions 7 and

rc+pu+7Y(c)—(p+m)c
ptm

ale) =
both attain a maximum at the point ¢ = X* and we have V(X*; X*) = a(X*). Therefore,

- w+ 7Y (0)

V(O0:X7) = VXX X = a(X) =X 2 a(0) = PO 2 00)

since, by assumption, Y (0) > £(0). Therefore, it remains to show that V' (0; X) < £(0) for sufficiently
large values of X. To this end, consider the function defined by

~ A

V(i X)=V(X)—c.
By direct calculation, it satisfies

LV X) (et wV + (ot A m)(n(e) V() = 0 (70)

for all ((X) < ¢ < X. Since X > X* and 7(c) is concave and attains its global maximum at ¢ = X*
as a result of the assumptions of the statement we have n/(X) < 0. Differentiating equation (70) at
the point ¢ = X and using this property we get

2
o° ~
S VX X) = =(p+m' (X) > 0.

Since V/(X) = V”(X) = 0 we have that the function V is increasing, concave and satisfies V (c) <
n(c) in a small interval to the left of X. Let 6 be the first cash level below X at which the graph
of V' crosses the graph of n, that is

0 = max{c < X : V(c) > n(c)},

"We set ¢(X) =0if V/(¢; X) > 1 for all ¢ < X.
SWithout loss of generality, we assume that the inequality /(X ™) < 0 is strict.
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and suppose towards a contradiction that the function V(c) is not concave over the interval [0, X].
Let ¢, = max{c < X : V"(¢) = 0}. Since V is concave on [cy, X], and V(c) < n(c) on [0, X] we
have that V’(c,) > 0 and therefore

0= 50%7"(e) = (o 7+ N(V(ea) — ne.)) — (re. +w)7(e) < 0,

which provides the required contradiction and thus proves the concavity of V over the interval
[0, X]. The assumption that Y(¢) < k + ¢ implies that V(X;X) = a(X) — X diverges to —oo
as X goes to infinity. Therefore, since f/(c;X ) is non-decreasing by construction, we get that
f/(O; X) diverges to —oo as X goes to infinity. Uniqueness of the threshold C* will follow from the
verification result below: since V' (¢; C*) is the value function, there can be only one C*.

In order to show that ((C*) = 0, and thus complete the proof, suppose to the contrary.
Since ¢(C*) is the first cash level at which V' = 0, we have V"(¢(C*);C*) > 0 and therefore
V(C(C*);C*) > n(¢(C*)) due to equation (70). On the other hand, since 7 is increasing and

concave for ¢ < ((C*), we have

£(0) = V(0;C7) = V(¢(C™); C7) = n(0).
However,

pA7Y(0) +AV(CHC%) _ p+ 7Y (0) + AV((CF); CY)

pHT+A pHm+A > H0) =VI(¢(e): %)

n(0) =

because ¢ < 1 and Y (0) > ¢(0) by assumption. This provides the required contradiction and
completes the proof. [ |

Lemma 40 Under the hypotheses of Lemma 39, the function defined via
V(gY(),m) =V(eAC (Y () C*(Y () + (= C(Y ()"
is increasing, concave and satisfies the HJB equation
max{LV (c) + FV(c) +7(Y(c) = V(e)),1 = V'(e),(c) = V(c)} =0
and therefore coincides with the value function of the problem (68).

Proof. The claim follows directly from Lemma 39 by the same argument as in the proof of Lemma
16 and Proposition 1 as soon as we prove concavity. To do the latter, let X = C*. As we have
shown in the proof of Lemma 39, V(c; X) is concave, increasing and satisfies V (c; X) < n(c) for
¢ € [0, X] where 6 is the highest cash level below X at which V(c; X) = n(c). It therefore remains
to show that V(¢; X) is concave for ¢ € [0, ].

Suppose on the contrary that V is not concave on [0,60] and let ¢, be the first cash level from
the right at which V" (c,) = 0. Since V/(X; X) = 0 and V is concave on [c,, X], we have V'(c,) > 0.
Furthermore, by Lemma 39, V/ > 0 for all ¢ > 0. Furthermore, as we have shown in the proof of
Lemma 39, V(0; X) < n(0). Therefore, by the concavity of n, the function V cannot be convex on
[0,¢.]. So, let z < ¢, be the first cash level to the left of ¢, at which V”(z) = 0. Then, V" (c) < 0
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for ¢ € (¢c,0), and V" (c) > 0 for ¢ € (z,c.). Hence, V'(c) has a positive local maximum at ¢, and,
consequently, V"(¢,) < 0. Differentiating (70) at ¢ = ¢, we get

~ 2 ~
(p+A+m =)V (e) = (p+ A+ (e) = V" (ex) < 0.
Consequently, since V' is increasing on [z, ¢,] and 7/ is decreasing on [z, ¢.], we get that

(p+A+m—r)V'(e) = (p+A+m)iF(c) < (p+A+m—7r)V'(ce) = (p+ X+ 7)1 (c) <0

for ¢ € [z, ¢i]. Therefore, differentiating (70), we get

o - ¥ %
?VU/(C) _ —(T’C+ M)V”(C) + (p+ A+ — T)VI(C) — (p + A+ 7T)77/(C) < 0.

Thus, the function V” is decreasing on [z, ¢,] and it follows that 0 = V”(z) > V"(c,) = 0, which is
a contradiction.? [}

Lemma 41 For any m > 0, the map Y — V(¢;Y(:),m) is a contraction in the sup-norm, with
the contraction constant not greater than w/(p + ).

Proof. Pick Y1,Y5 and let (Cyy, D1y, fit, 701) and (Cay, Doy, for, To2) be the corresponding optimal
policies and fix an initial cash level ¢ > 0. Then,

V(gYi(),m) = V(e Ya(), )
]
|

Ty/\T02
- Ec / dDZt f2t7dNt) + 17’20<Ty6_m—02‘€(0) + 1Ty<7'02€_pTY}/2(027'y)

Ty NT01
/ € pt letiflt dNt) + 1T10<Tye_p701£(0) + 1Ty<T01e_pTYYi(ClTy)

= o
e Y |

Ty ANT02

= b [/ e (dD2t — far—dNy) + lpy<rye 7020(0) + 17’y<7'02€_pTYYl(C2TY)]
0
Ty/\T02

- [ / P(ADay — for dNY) + Lopyerye P20(0) + 1TY<TOQe—pTYY2<02W>]
0

= [17‘Y<7'026 P Y(Y1(02Ty) )/2(027‘&/))]

< sup |Yi(c) = Ya(c)|E [e77] = sup [Y1(c) — Ya(c)|.

C€R+ + m C€R+

Interchanging Y7, Y2, we get the reverse inequality

VieYi()) — VigYa(s)) > _,0—1-7Tcseun£ Yi(c) = Ya(c),

and the claim follows. [ |

9In the above argument, we assume that the zeros of the functions under consideration cannot accumulate. This
follows from the fact that all functions involved are real analytic in c.
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Consider the complete metric space C of pairs (V!,V?2) of concave functions on R, such that

both V1(c) — ¢ and V2(¢) — ¢ are bounded, equip C with the metric

(Vv — (Vi V| = maX{sup Vi(e) = Vi(e)l, sup [V(e) = VZ(c)|

C€R+ CE]R+
and define a mapping F' : C' — C by setting
FVLVY = (Ve V2(),mon) , Ve V), maL)).

Then, the following is true:

Lemma 42 The map F is a contraction in C and therefore has a unique fived point that can be
found by successful iterations. This fized point is the unique solution to the system (36) and the
corresponding policy is the optimal policy. The corresponding boundaries C7 and C}; are the optimal

cash holdings.

Proof of Lemma 42. We only need to show the contraction property. To this end fix an arbitrary
quadruple of functions (V1,V?2), (V1 V2) € C x C and observe that by direct application of the

result of Lemma 41 we have

IF(VE V) = F(VEV2)

C€R+ C€R+

= max { sup [V(¢; V2(-),mom) — V(e V2(),mom)l, sup [V V() man) — Vg Vl(')vﬂ'HL”}

IN

TLH 2 72 THL 1 1
max{ ——— sup |[V(c) —V7(c)|, ——— sup |V (¢c) — V- (c
{p+7TLHc€IR+| (©) () P+7THLc€R+| (©) ©

maX{WLHJFHL}
~ p+max{mLy, THL}

IV v —(vE VA,

which is what had to be proved.
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