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Abstract

I analyze the effects of model misspecification on default swap spreads and equity
prices for firms that are informationally opaque to the investors. The agents in the
economy are misspecification-averse and thus assign higher probabilities to lower
utility states. This leads to higher CDS rates, lower equity prices and lower expected
times to default. Estimating the model using data on financial institutions, I find
that the sudden increase in credit spreads in the summer of 2007 can be partially
explained by agents’ mistrust of the signals observed in the market. The bailout of
Bear Stearns in March 2008 and the liquidation of Lehman Brothers in September
2008 further exacerbated the agents’ doubts about signal quality and introduced
mistrust about the agents’ pricing models, accounting for the further increases in
credit spreads after these events.
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1 Introduction

When making consumption decisions, an investor faces uncertainty about both the rele-
vant underlying state and the data-generating process governing the evolution of the state.
While uncertainty about the state is risk that the investor understands and can model,
uncertainty about the data-generating process represents agents’ pessimism about their
ability to identify the correct model. This paper argues that prices of credit securities
are sensitive to the investors’ preferences toward model uncertainty and that the implied
time-variation in the level of model uncertainty is a source of variation in credit spreads
that explains the asymmetric response of credit spreads to upturns and downturns in the
economy.

I analyze the effects of model misspecification on default swap spreads in secondary
markets for the corporate debt of firms that are not perfectly transparent to the investors.
The agents in the economy are misspecification-averse and thus mistrust the statistical
model of the fundamental value of assets of firms and of the firms’ observed earnings
process. This mistrust reflects the fact that, when it is difficult for investors to observe
firms’ assets directly, they are forced to rely on imprecise accounting information. In
this situation, investors must draw inference from accounting data and other publicly
available information. Investors realize that, although they may be able to pick a model
of the fundamental asset value and the accounting signals to best fit the historical data,
this may not be the true data-generating model. Under the assumption that investors are
misspecification-averse, I derive the asset prices in the economy, explicitly accounting for
the implications of imperfect information and model misspecification.

I show several significant implications of model misspecification for the level and vari-
ation in the term structure of secondary market default swap spreads. Compared to a

model with perfect information, model uncertainty increases the level of the yield curve



and the default swap spread curve. Intuitively, in the presence of model misspecification,
investors must be compensated for the risk associated with choosing the “wrong” model to
describe the evolution of the underlying state. Notice that, as shown in Duffie and Lando
(2001), introducing imperfect information to a standard Black and Cox (1976) model has
the additional benefit of being able to explain high credit spreads at short maturities.

Next, I show that model uncertainty exacerbates the imperfect information problem
faced by the representative investors in the secondary asset markets. In filtering informa-
tion about the underlying state from the imperfect signals, agents must take into account
uncertainty about both the model governing the evolution of the underlying state and
the signals about the underlying state. The misspecification-averse agent assigns higher
probabilities to lower utility states. Further, how much these probabilities are higher than
under the reference model depends on the current conditional probability vector under
the reference model.

Model misspecification also impacts the joint probability distribution of the next pe-
riod’s signals and states. In particular, while in states of the economy when no firm
defaults, the misspecification averse agent perceives the probability of transitioning to a
default state to be higher than under the reference model. Thus, the expected time to
default of each firm decreases, increasing default swap spreads. Further, the misspecifi-
cation averse agent also perceives the transition probability matrix associated with the
underlying state to be time varying. The time-variation in the transition probability ma-
trix induces additional time-variation in the expected time to default of each firm and,
thus, in default swap spreads.

In this paper, I argue that the increases in CDS spreads observed during the 2007—
2008 crisis were due to increases in investors’ doubts about the validity of their pricing

models and the quality of the signals available to market participants. On August 9, 2007,



France’s largest bank BNP Paribas announced that it was having difficulties because two
of its off-balance-sheet funds had loaded up on securities based on American subprime
mortgages. But Paribas was not alone in its troubles: a month before, the German
bank IKB announced similar difficulties, and the Paribas announcement was followed the
next day by Northern Rock’s revelation that it had only had enough reserve cash to last
until the end of the month. These and other similar announcements lead to a freeze
of the credit markets as banks lost faith in each other’s balance sheets. The situation
was particularly surprising considering the market conditions shortly before the crisis
began. At the beginning of 2007, financial markets were liquidity-unconstrained and
credit spreads were at historical lows. Even as late as May 2007, it would have been
hard to predict the magnitude of the response that the losses on subprime mortgages had
generated. Compared to the total value of financial instruments traded worldwide, the
subprime losses were relatively small: even the worst-case estimates put them at around
USD 250 billion. ! Further, for investors familiar with the instruments, the losses were
not unexpected. By definition, the subprime mortgages were part of the riskiest segment
of the mortgage market, so it was hardly surprising some borrowers would default on the
loans. Yet, despite their predictability, the defaults had precipitated the current liquidity

crisis that spread between the credit markets.
(Figure 1 about here.)

Using observations of the CDS spreads on financial institutions, I estimate the degree
of misspecification aversion of the investors in the secondary debt markets. To evaluate
the changes in investors’ aversion to misspecification during the crisis, I estimate the
misspecification aversion coefficients using three sub-periods— before the start of the crisis

in July 2007, from the start of the crisis to the bailout of Bear Stearns in March 2008, and
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from the bailout of Bear Stearns to the liquidation of Lehman Brothers in September 2008
— and find that the three estimates are not statistically significantly different, implying
that investors’ misspecification preferences did not change during the crisis. In terms of
the model, this implies that the observed changes in credit spreads during the financial
crisis were due not to changing misspecification attitudes on the part of the investors but
rather due to an increase in the amount of misspecification in the economy.

Since the investors’” aversion to misspecification did not change significantly during the
crisis, I use the pre-crisis estimate of the misspecification aversion coefficient to compute
the model-implied time series of CDS spreads, equity prices and the quantity of misspeci-
fication. Measuring the amount of misspecification using the expected log likelihood ratio
(or relative entropy) between the reference and the worst-case models, I find that the
amount of misspecification did in fact increase during the financial crisis. Further, the
way that total entropy is decomposed into the contribution from misspecification of the
distribution of the future signals and state and the contribution from misspecification of
the conditional distribution over the current state changed during the crisis. More specif-
ically, the initial BNP Paribas announcement in August 2007 lead to an increase in the
relative entropy due to current period conditional probability misspecification. Intuitively,
the BNP Paribas announcement and the subsequent Northern Rock revelations lead to
an increase in ambiguity about the quality of the signals available to market participants.
The bailout of Bear Stearns and the bailout of Lehman Brothers, on the other hand, lead
to an increase in entropy due to misspecification of the distribution of future signals and
states. That is, the effective default of these two institutions increased investors’ doubts
about the quality of the surviving financial institutions. Entropy stabilizes toward the
end of the crisis but at a higher level than before the start of the crisis.

To evaluate the quality of the fit of the model, I compare the model-implied CDS



spreads and equity prices to the corresponding quantities observed in the data. The model-
implied CDS spreads match both the levels and the changes in CDS spreads observed
during the crisis, although the performance of the model deteriorates after the liquidation
of Lehman Brothers. Further, although the model does not match the overall levels of
equity prices and, in fact, is not geared to do so, it does match the changes in equity
prices observed during the crisis.

Next, I examine the impact of each source of ambiguity on CDS spreads in greater
detail. I reformulate the model to allow investors to have different degrees of aversion
to ambiguity about the underlying dynamics and ambiguity about the signal quality. In
this formulation, I can alternatively set one or the other degree of ambiguity aversion
to zero and thus examine separately the contributions to the behavior of CDS rates
from the two sources of ambiguity. I find that, while both sources of ambiguity are
important for matching the time series evolution of CDS rates, the relative importance
of the contributions from different sources evolves over time. At the start of the crisis,
aversion to ambiguity about signal quality plays a greater role while in the later part of
the crisis the behavior of CDS rates is influenced more strongly by aversion to ambiguity
about the underlying dynamics.

The rest of the paper is organized as follows. I review the related literature in Section
2. In Section 3, I solve a three period example to illustrate the impact of ambiguity
aversion on investors’ beliefs. I describe the model considered in the paper in Section 4.
The results of the estimation of the model are presented in Section 5. Section 6 concludes.

Technical details are relegated to the appendix.



2 Literature Review

A rapidly growing literature studies the behavior of asset prices in the presence of am-
biguity in dynamic economies. A substantial part of this literature considers investor
ambiguity about the data-generating model. Anderson et al. (2003) derive the pricing
semigroups associated with robust perturbations of the true state probability law. Tro-
jani and Vanini (2002) use their framework to address the equity premium and the in-
terest rate puzzles, while Leippold et al. (2008) consider also the excess volatility puzzle.
Gagliardini et al. (2009) study the term structure implications of adding ambiguity to a
production economy. This setting has also been used to study the portfolio behavior of
ambiguity-averse investors and the implications for the options markets (see e.g. Trojani
and Vanini (2004) and Liu et al. (2005)).

The second strand in the literature, however, assumes that, although the agents in the
economy know the “true” data-generating model, they face uncertainty about the quality
of the observed signal about an unobservable underlying. Chen and Epstein (2002) study
the equity premium and the interest rate puzzles in this set-up, and Epstein and Schneider
(2008) consider the implications for the excess volatility puzzle. The portfolio allocation
implications of this setting have also been studied extensively in e.g. Uppal and Wang
(2003) and Epstein and Miao (2003).

However, none of these papers study the relationship between ambiguity aversion
and the term structure of credit spreads. Following Hansen and Sargent (2005, 2007), I
introduce model misspecification by considering martingale distortions to the reference
model probability law. As Hansen and Sargent (2007) show, the martingale distortion can
be factored into distortions of the conditional distribution of the underlying state (signal
quality) and the evolution law of the hidden state (asset value dynamics). I assume that

the representative investor in the secondary debt market has max-min preferences over



consumption paths under possible models.

This paper is also related to the literature on preference-based explanations for credit
spreads. Chen (2010) studies two puzzles about corporate debt: the credit spread puzzle
— why yield spreads between corporate bonds and treasuries are high and volatile — and
the under-leverage puzzle — why firms use debt conservatively despite seemingly large tax
benefits and low costs of financial distress. The paper argues that both of these puzzles
can be explained by two observations: defaults are more highly concentrated during bad
times, when marginal utility is high, and the losses associated with default are higher
during such times. Thus, investors demand high risk premia for holding defaultable
claims, including corporate bonds and levered firms.

Using similar intuition, Chen et al. (2009) argue that the credit spread puzzle can be
explained by the covariation between default rates and market Sharpe ratios. That is,
investors must be compensated more for holding credit risk securities because default rates
(and, hence, expected losses from default) increase at the same time as market returns are
more uncertain. More specifically, the authors investigate the credit spread implications
of the Campbell and Cochrane (1999) pricing kernel calibrated to equity returns and
aggregate consumption data. Identifying the historical surplus—consumption ratio from
aggregate consumption data, the paper finds that the implied level and time-variation of

spreads match historical levels well.

3 Three Period Example

In this section, I consider a three period economy consisting of just one firm. In this
setting, I can examine analytically the effect of ambiguity aversion on the investors’ per-

ceived beliefs. The setting in this section is an extremely simplified version of the model



in Section 4 and provides the main intuition for the more general results.

More specifically, consider a firm whose payoffs V' each period are given as in the event
tree in Fig. 2. At date 0, the firm pays V; to the investors for sure. Between dates 0
and 1, the payoff from the firm increases to V}, with probability p, or decreases to V; with
probability p; = 1 — p,. Similarly, the probability of the firm payoff increasing between
dates 1 and 2 is p, and the probability of the firm payoff decreasing between dates 1 and
2 is p; = 1 — pp,. Finally, notice that, by assumption, the tree is recombining so that the
firm payoff at date 2 if the firm payoff first decreases between dates 0 and 1 and then
increases between dates 1 and 2 is the same as the payoff of a firm which first increases
and then decreases in value. This simplifying assumption reduces notational complexity

without detracting from the main intuition of the model.
(Figure 2 about here.)

In this example, I focus on the investors’ problem at date 1. In particular, I assume
that, at the intermediate date 1, the investors in the firm do not observe the realized payoff
V1 (which is paid into an interest-free account on their behalf). Instead, the representative
investor in the firm observes an imperfect but unbiased signal about the true realization:
y = Vi + u. Given a signal y at date 1, the representative investor forms a posterior

probability 7, of the firm payoff being in the high state at date 1:

_ puf(y — Vi)
" ofy = Vi)t uf(y = Vi)

™

where f(-) is the probability distribution function of the signal error, u. The corresponding

posterior probability of being in the low state at date 1 is then given by:

_ puf(y = Vi)
pnf(y—=Va) +ouf(y—Vi)

9
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The investors in this firm are risk-neutral but ambiguity-averse. That is, in making

investment decisions at date 1, the investors in the firm consider two questions:

1. Given a realization of the firm payoff at date 1, what is the worst-case probability of

the firm payoff increasing between dates 1 and 27

2. Given a signal about the firm payoff at date 1,what is the worst-case probability of the

firm payoff being in the high state (i.e. V3 =V}) at date 17

The first question captures investors doubts about the validity of the statistical model
they have for the evolution of firm payoffs in the future. Notice that, although I con-
sider the imperfect information setting in this example, this concern remains valid even in
perfect information settings as, in making investment and consumption decisions, agents
make predictions about the future evolution of their cash flows. The second question cap-
tures investors doubts about the validity of filter that they use to construct the posterior
probabilities at date 1.

More formally, denote by pn, the perceived probability of the firm payoff increasing
from V), at date 1 to Vj, at date 2, py, the perceived probability of the firm payoff
increasing from V; at date 1 to V},; at date 2 and by 7, the perceived probability of V},
being the realized firm payoff at date 1. The corresponding probability tree with distorted

probabilities is presented in Fig. 3. The ambiguity-averse investor solves:

min Tn (Vi + PrnVin + Vi) + 71 (Vi + pinVin + puVar) (3.1)

e Dhh - Dhi s Din . Du
+ 04 {ﬂ'h (phh log — + py; log —> + m (plh log — + py log —>}
DPh y2j Pn Di

+ 0, (ﬁh log T + 7 log ﬂ)
Th ™
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where the minimization is subject to:

1 = mm+m
1 = puh+ Du
1 = pw+Dpu.

The minimization problem (3.1) has three components. The first,

EWVi + Wyl = 7n (Vi + D Van + DriVi) + 71 (Vi 4+ pinVin + puVa)

is the usual expected utility component but calculated using the distorted probabilities.
The remaining two components measure the entropy between the reference and the mis-
specified probability laws and discipline the choice of the worst-case likelihood. The en-
tropy due to a misspecification of the underlying dynamics (that is, the entropy associated
a different choice of pp, and pyp,) is:
. - DPhh | - Dhi - - Dih | ~ Du
€' (Bhns Puns Tn) = T (phh log — + p log —) + T (pm log — + py log —) )
Pr Y2 Pr D

and the entropy due to a misspecification of the signal quality (that is, the entropy

associated with a different choice of 7) is:

T . T
() = 7, log Thy 7 log ay
Th ™
9;1 and 0! measure the degree of investors’ ambiguity aversion toward ambiguity about

the underlying dynamics and ambiguity about the signal quality, respectively. For 0;1 =0

and 671 = 0, the investors’ problem reduces to that of the ambiguity-neutral investor. As
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either ;" or 6! increases, the degree of ambiguity aversion of the representative agent
increases and the agent considers a large set of possible models when making investment

decisions.
(Figure 3 about here.)

Solving the first order conditions, we obtain:

Dhh exp (=07 Vi)

Phy - (3.2)
Ph E [exp(—0,'Va)| Vi = V3]

Din exp (—0;"Vin)

— = — (3.3)
Ph E [exp(—6;'V2)| Vi = V]]

i _ exp <—98—1Vh + z—‘j log £ [exp (—9;1‘/2))‘ W= Vh}) (3.0

B exp (<015 4+ §logE [exp (-0, '15) | Vi] ) o]

Notice first that, in general, pp, # pin so that, under the misspecified model, the proba-
bility of the firm payoff increasing between date 1 and date 2 is state-contingent. Next,
we see that the ambiguity-averse agent tilts the probability distribution toward the lower
utility states using an exponential tilt. Thus, the distorted probability of the firm pay-
off increasing between dates 1 and 2 is lower than the reference model probability and
decreases as the agent becomes more averse to ambiguity about the underlying dynam-
ics. Similarly, the distorted posterior probability of the firm payoff being high at date 1
is lower than the reference model probability and decreases as the agent becomes more
averse to ambiguity about the signal quality. Notice also that the tilt in the posterior
probabilities incorporates the investors’ distorted beliefs about the probability of the firm

payoff increasing between dates 1 and 2. Finally, (3.2)-(3.4) imply that the minimized
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objective of the ambiguity-averse investor is given by:

0
J=—0,logE [exp (—031‘/1 + g—d log E [exp(—6;"V3)| Vl]) ’ y} : (3.5)

Thus, in calculating expected utility, the ambiguity-averse investor applies an exponential
tilt away from the higher utility states.

There is no independent study of the magnitude of ambiguity aversion in the literature.
One way of interpreting the degree of ambiguity aversion is through a thought experiment
related to the Ellsberg Paradox (Ellsberg (1961)). Suppose that there are two urns. The
participants in the experiment know that there are 50 black and 50 white balls in urn
1. Urn 2 also contains 100 balls but, unlike urn 1, either contains 100 white balls or 100
black balls. The participants are asked to pick a ball from an urn and are given a prize
if they pick a black ball. Experimental evidence suggests that participants prefer to bet
on urn 1 (see e.g. Camerer (1999) and Halevy (2007)). The Ellsberg Paradox is that,
if the participants are asked to pick a white ball, they still prefer to bet on urn 1. This
effect cannot be explained by the standard expected utility model with any beliefs or
any risk aversion level. This behavior is, however, consistent with ambiguity aversion as,
for an ambiguity-averse agent picking a black ball, the worst case beliefs imply that urn
2 contains only white balls while, for the agent picking a white ball, the corresponding
worst case belief is that urn 2 contains only black balls. Thus, ambiguity aversion and
risk aversion have distinct behavioral meanings.

More formally, denote by w the wealth of a risk-neutral, ambiguity-averse participant
and by d the prize money. Since the distribution of balls in urn 1 is known for sure to be

(1/2,1/2), the participant’s certainty equivalent from picking a ball from urn 1 is:

1 1
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The distribution of balls in urn 2 is, on the other hand, unknown and the participant

evaluates the gamble using a version of the recursion (3.5):

—flog B exp (—wT“l> n % exp (—%)] , (3.7)

Notice that, since the exponential function is more concave than a linear function, the
expression in (3.6) is larger than that in (3.7), so that the agent prefers to bet on urn 1
rather than urn 2. The difference between the certainty equivalents in (3.6) and (3.7) is a
measure of the ambiguity premium. Fig. 4 plots the ambiguity premium as a function of
the ambiguity aversion parameter, 6, for a prize-wealth ratio of 1%. Increasing the prize-
wealth ratio raises the ambiguity premium. Camerer (1999) reports that the ambiguity
premium is typically on the order of 10 — 20 percent of the expected value of a bet in
the Ellsberg-style experiments. Thus, except for extreme levels of the ambiguity aversion

coefficient, the ambiguity premium seems small and reasonable.
(Figure 4 about here.)

Return now to the three period tree in Fig. 2. Fig. 5 plots the distorted probability
of the firm payoff increasing between date 1 and date 2 as a function of the reference
probability of the same event for two different levels of investors’ ambiguity aversion to
misspecification of the underlying dynamics, 49;1. As the degree of ambiguity aversion
increases, the probability becomes more distorted. Furthermore, the distortion is non-
linear in the reference model probability, p,, and is larger for intermediate values of
pr. Intuitively, if the agent knows that the firm payoff increases between dates 1 and
2 for sure, then he has no misspecification doubts and, thus, the implied misspecified
probability coincides with the reference model probability. Similarly, Fig. 6 plots the

distorted posterior probability of the high state at date 1 as a function of the reference
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probability of the same event for two different levels of investors’ ambiguity aversion to
misspecification of the signal quality, #;'. Similarly to the probability of an increase,
as the degree of ambiguity aversion increases, the distortion increases and is larger for

intermediate levels of the reference model probability, 7.
(Figure 5 about here.)
(Figure 6 about here.)

The interaction between the two sources of ambiguity is illustrated in Fig. 7, which
plots the distorted probability of default as a function of the reference model probability
for different combinations of 6, and 6;'. Notice first that, even for low levels of the
reference model probability of default, the distorted probability of default can be quite
high: for the case 9;1 =07 = 0.5, a reference model default probability of 25 bps trans-
lates into a perceived 65% probability for the ambiguity-averse agent. Notice further that,
although the distortion increases when the degree of ambiguity aversion to either source
of ambiguity increases, the relation between the reference and the distorted probability
is different depending on whether the agent is more averse to ambiguity about the un-
derlying dynamics or the signal quality. More specifically, for the case when the agent
is more averse to ambiguity about the underlying dynamics (9;1 = 0.5, 671 = 0.1), the
distorted probability of default increases over the whole range of the reference probability.
On the other hand, for the case when the agent is more averse to ambiguity about the
signal quality (6! = 0.1, ;1 = 0.5), the distorted probability of default levels off. That
is, while the distorted probability of default for the agent more averse to ambiguity about
underlying dynamics increases faster than the reference model probability, the distorted
probability of default for the agent more averse to ambiguity about the signal quality

increases slower than the reference probability.
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(Figure 7 about here.)

Consider finally the two contributions, e! and €2, plotted in Fig. 8. The left panel

1 as a function

plots the entropy due to misspecification of the underlying dynamics, €
of the probability of the firm payoff increasing between dates 1 and 2 for two different
levels of the ambiguity aversion to misspecification of the underlying dynamics, while the
right panel plots the entropy due to misspecification of the signal quality as a function
of the reference model posterior probability of the high state at date 1 for two different
levels of the ambiguity aversion to misspecification of the signal quality. As the degree
of ambiguity aversion increases to the corresponding source of ambiguity, the entropy
increases. Furthermore, entropy is non-linear in the corresponding probability, larger for
intermediate levels of the probability and is zero at the extremes of the distribution.
Thus, for example, the entropy due to misspecification of the underlying dynamics is
larger when the probability of the firm payoff increasing between dates 1 and 2 is close
to 1/2. Intuitively, if the agent knows that the firm payoff increases between dates 1 and

2 for sure, then he has no misspecification doubts and, thus, the entropy between the

misspecified and the reference models is zero.

(Figure 8 about here.)

4 Model

In this section, I present the economy considered in this paper. I begin by describing the
reference model used for pricing credit securities and then proceed to the misspecification

problem faced by the representative agent in the economy.
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4.1 Reference model

As the reference model, I consider a modified version of the Black and Cox (1976) economy.
Consider a (sector of the) economy consisting of I firms, indexed by i = 1,..., I and denote
by A;; = e** the fundamental value of the assets of firm ¢ at date t = 1,2, .... To fix ideas,
assume that there are n, = 12 data periods in a year, so that each period corresponds to
a month. I assume that the log-asset value of each firm can be decomposed into the sum
of two components:

Qi = Zit + PiZet, (4.1)

where z;; is an idiosyncratic shock to the asset value of firm i, z. is an aggregate shock
to the asset values of all the firms in the sector and p; is the loading of firm ¢ on the
aggregate component. Denote by z; = [z14, ..., 214, zct]' the vector of the components of
asset values at date t. I assume that the vector z; evolves according to an N-state Markov

chain, with possible values &, ..., &y and the transition probability matrix A defined as:

A=A =Pz =&Glz = &) (4.2)

There are two types of agents in the economy: managers and investors. All the day-
to-day operations of the firm are delegated to the respective manager. I assume that there
are no agency problems between a firm’s managers and the equity holders of the firm,
so that the managers act in the best interest of the equity holders. Further, similarly
to Duffie and Lando (2001), I assume that the managers are better informed about the
firm they manage than the participants in the public markets and, in particular, that
the managers of the firm observe perfectly the evolution of the fundamental value of the
firm’s assets. To prevent information spill-over, I assume that managers are precluded

from trading in the public assets markets.
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In this paper, I abstract from modeling the operational decisions of the firm managers
and, in particular, from modeling the optimal capital structure, dividend payment and
default decisions faced by the managers. As in Leland (1994) and Duffie and Lando
(2001), I assume that each firm i issues perpetual debt with face value D;. This debt
is serviced by a constant coupon rate C;. While firm ¢ is in operation, it generates a
constant fraction J; of assets as cash-flows which accrue, minus the coupon payments, as
equity in the firm.

The managers decide on behalf of the equity holders when to default. As in Black
and Cox (1976), I abstract from modeling the liquidation decision faced by the managers
and assume instead that a firm defaults automatically whenever the fundamental value of
the firm’s assets reaches the lowest possible value implied by the Markov chain {zt}:;of
In particular, denote by &;; the i element of the asset values vector in state j, &;. Let
i = argmin;=i,. n&;i+ pijc be the state index at which firm 7 achieves its lowest possible
value and by ap, = &+ the corresponding state. Then the (stochastic) default date 7; of
firm 7 is the first hitting time of the state ap,: 7; = inf {¢ : z; = ap,}. In economic terms,
the exogenous default rule can be interpreted as a debt covenant. The firm is liquidated at
the present value of the discontinued cash flows, with the proceeds distributed among the
firm’s primary debt holders and the equity holders receiving 0. For simplicity, I assume
that each firm has a single default state and that firms do not default simultaneously.
Notice that, since managers observe perfectly the asset value evolution of the firm under
their management, there is no uncertainty about the firm being liquidated upon hitting
its default boundary. Finally, denote by ag = UiI:1 ap, the union of the default states of
all the firms and by a% its complement, which is the set of states where none of the firms
default.

Consider now the participants in the public markets. Similarly to Duffie and Lando
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(2001), I assume that the representative investor does not observe the true evolution
of asset values in the sector and receives instead imperfect, unbiased signals about the
fundamental value of the assets of each firm, A;; = e¥*, and the aggregate component of
asset values in the sector, Act = e¥. More specifically, assume that y;; = a;; + u;; and
Yet = Zet + Ue where the signal errors uy = [uyy, ..., ur, uct]/ are serially uncorrelated and
normally distributed, independent of the true realization of z;: u; ~ N (u, %, ). Here, @ is
the mean signal error and ¥, ! the signal quality. At each date ¢, the representative agent
also observe whether any of the default states have been reached and any of the firms

have been liquidated. Thus, the information set of the representative agent at date t is:
Qt:a{ys, l.cag : 5= 1,...,t},

where y; = [Vt - -, Y, yct]’ is the full signal vector at date ¢.
Denote by pj; the probability, conditional on the date ¢ information set of the repre-

sentative investors, of the vector z being in state j at date ¢:
pit =P (2 =& Gt) .

For mathematical reasons, it is easier to formulate the updating rule in terms of unnor-

malized probabilities 7y, which are related to the proper probabilities by:

jt

—_— =1,...,N.
N ) J ) )
Zj:lﬂ-ﬁ

Pjt =

Let mjo = P(21 = &;) be the prior probability. Then the following result holds.

Lemma 4.1. (Wonham Filter)

Assume that the transition probability matriz, A, and the prior distribution mwjy are
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known. Then the date 1 update to the unnormalized probability vector is given by:

i1 = 1§j¢aB7Tj0f(y1 - 5])7 ] = 17 s 7N7 (43)

where f(-) is the density function of the observation errors, w. For t > 1, the “predict”

step of the update to the unnormalized probability vector is given by:
,ﬁ-tJrl = diag(f(ytﬂ))A’ﬁt, (44)

where £(y) = [fly —&1),..., fly — &n)] and diag(-) creates a diagonal matriz from the
vector -. Then, conditional on no firm defaulting in period t+1, the updated unnormalized

probability vector is given by:
Tl = diag(lac,-g)frm,

where 1ge, = [151@637 e 1§Neag}/-
Proof. See e.g. Frey and Schmidt (2009). O

Finally, consider the utility of the representative agent. I assume the representative
agent is risk-neutral and, thus, holds all the claims to the firm’s asset value. Thus, the

date t expected present value of the utility of the representative agent is given by:

Jt:E

+o00 I
DB GiAirs
s=0 i=1

gt] ) (4.5)

where (3 is the subjective discount factor. For the discussion below, it is useful to represent
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the expected present value of utility in recursive form:

I I
Jt :]E ZéiAit+512t+1€a%Jt+1+6212t+1=a5i<]n
=1 i=1

J.

where J7 is the value function of the representative agent in case firm ¢ defaults.

4.2 Asset prices

In this paper, I consider three types of claims to the assets of the firm: a claim to the
firm’s equity, a zero-coupon, risky bond and a credit default swap (CDS) written on the
bond. Recall that equity in firm ¢ accrues as a constant fraction ¢; of the fundamental
asset value and that the equity holders receive 0 in case of the firm being liquidated.

Thus, the date t price of a claim to equity of firm ¢, Vj;, is given by:

Vi=E Gi

Y

> B (6iAisgs — Ci)
s=0

where 7; is the (stochastic) default date of the firm i. Notice that the equity price satisfies
the Euler equation:

Vi =E[6;An — Ci+ L5001 Vi Gi - (4.7)

Consider now the default swaps written on the primary debt of firm i. With a given
maturity 7', a default swap is an exchange of an annuity stream at a constant coupon
rate until maturity or default, whichever is first, in return for a payment of X at default,
if default is before T', where X is the difference between the face value and the recovery
value on the stipulated underlying bond. A default swap can thus be thought of as a
default insurance contract for bond holders that expires at a given date T', and makes up

the difference between face and recovery values in the event of default.
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I assume, as typical in practice, that the default swap annuity payments are made
semiannually, and that the default swaps maturity date T is a coupon date. As in Duffie
and Lando (2001), I take the underlying bond for the default swap on firm ¢ to be the
consol bond issued by firm i. Recall that, in case of default, the debt holders receive the
present value of the discontinued cash flows. Thus, the payment X; per unit of primary

debt if firm ¢ defaults before the swap maturity date T is given by:

M=),

The at-market default swap spread is the annualized coupon rate ¢;(¢,T) that makes the
default swap sell at date ¢t for a market value of 0. Thus, with T" = t + 6n for a given

positive integer n,? the CDS spread is given by:

2XE [B7 " 11| G

7 2(:77—‘ = n .
c ( ) Zs:l [OsIE [lnzt+65| gt]

(4.8)

default swap spreads are a standard for price quotation and credit information in bond
markets. In this setting, they have the additional virtue of providing implicitly the term
structure of credit spreads for par floating-rate bonds of the same credit quality as the
underlying consol bond, in terms of default time and recovery at default. Denote by
B;(t,T) the date t price of a zero-coupon bond with maturity date T on the debt of firm

t. The implicit discount curve is then given by:

1
(t,t+6) 1+¢(t,t+6)
1 — clbbt6) S~ 1 B, (¢, + 6
B; (t,t+6s) = 2 2= Bil y)

1+¢(t,t+6s)/2

2Recall that there are 12 data periods in a year
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4.3 Model misspecification

This paper studies asset prices in a setting where the representative agent makes decision
rules robust to possible misspecifications of asset value and accounting signals models. In
reality, the correct specification assumption of the reference model is overly restrictive. It
implies that, even though the participants in the public markets only observe imperfect
signals about the evolution of the fundamental asset value, they can still correctly identify
the parametric model that governs the relevant dynamics. More realistically, I assume
that the representative investor in the firm fears misspecification of the probability law
generated by the model above and believes instead that the signals are related to the true
asset value realizations by a family of likelihoods.

As in Hansen and Sargent (1995), Hansen et al. (1999), Tallarini Jr. (2000) and An-
derson et al. (2003), I model preferences of the representative agent in the presence of

model misspecification using the recursion:

(4.9)

Jy = —05log E [exp {—U<Zt) * RelBJen; ed)} ‘ gt:| )

0

where:

J,
Ri(BJis1;04) = —04logE [exp (_691::1) ]:t} )

The tilted recursion (4.9) replaces the standard utility recursion (4.6), incorporating the
representative agent’s misspecification doubts in two steps. First, the tilted continuation
function R; makes an additional risk adjustment to the continuation value function of
the representative agent, accounting for misspecification fears about the fundamental
asset value evolution dynamics. Second, the tilted expectations over the current period
utility adjusts for misspecification fears about the filtered probability distribution over

the current state. As emphasized by Hansen and Sargent (1995), the log-exp specification
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of the recursion links risk-sensitive control theory and a more general recursive utility
specification of Epstein and Zin (1989). The degree of the representative agent’s aversion
to misspecification of the underlying dynamics is quantified by «9(1_1 (where d stands for
dynamics) and the degree of the representative agent’s aversion to misspecification of the
filter distribution is quantified by 6! (where s stands for signals). When 6! = 0;1 =0,
the risk-sensitive recursion (4.9) reverts to the usual utility recursion under Von Neumann-
Morgenstern form of state additivity. For values of 0;1 greater than zero, the recursion
(4.9) implies an increased aversion to risk associated with the time evolution of the hidden
state vis a vis the Von Neumann-Morgenstern specification. Similarly, for values of ;!
greater than zero, the recursion implies an increased aversion to risk associated with the
unobservability of the true state vis a vis the Von Neumann-Morgenstern specification.
Maenhout (2004) links the degree of misspecification to the value function itself, so that
the agent becomes more misspecification-averse as the present value of her utility increases.
Finally, notice that, since the distorted continuation value function R; conditions on the
full information set F; (and, hence, on the true realization of the hidden state), the
investors in this economy have the option of focusing their attention on misspecification
of the joint probability distribution of future signals and state.

To understand better the recursion (4.9), consider the following static optimization
problem:

min  E[mV] + 60E [mlogm]. (4.10)

m>0; E[m]=1
The random variable m is the likelihood ratio between the reference model and an al-
ternative model. m implies a distorted expectation operator: E[V] = E[mV]. The
optimization problem (4.10) then minimizes the expected value of the payoff V' under al-
ternative models but is penalized in utility terms for deviations from the reference model

(parametrized by m = 1). The term E[mlogm| measures the discrepancy in relative
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entropy terms between the reference model and an alternative model. As noted in Ja-
cobson (1973), the relative entropy E [mlogm] is the expected log-likelihood between the
reference and the misspecified models. Thus, the parameter 6 can be interpreted as a
penalization parameter for large deviations away from the reference model. The problem
(4.10) can thus be interpreted as a robust way of alternating probability measures. The

minimizing choice of m, the so-called worst-case model, is given by:

and the outcome of the minimization problem by:

e o (V)]

Thus, in choosing between alternative models, the representative agent tilts the probabil-
ity toward bad (in terms of payoffs) states.
Turn now back to the recursion (4.9). Hansen and Sargent (2007) show that, corre-

sponding to the tilted continuation function R, is the worst-case likelihood ratio:

exp <_ 5?;—1 )

oo (%))

G241, Yeg1) = (4.11)

¢, captures the difference between the evolution of future signals and states under the
misspecified model and under the reference model. In particular, ¢, is the date ¢ prob-
ability distortion to the joint distribution of next period’s signals and state. Relative to
the reference model distribution, ¢; tilts the joint distribution toward lower continuation

value states, decreasing the expected future value of the continuation utility. Similarly,
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corresponding to the recursion (4.9), is the worst-case likelihood ratio:

exp (_ U(2)+R: e(me;Gd))

E [eXp (_ U(z)+Rt9<ﬁJt+1;9d)> ‘ Gt}

Ue(2) = (4.12)

between the conditional distribution over the state at date t under the misspecfied and ref-
erence models. v tilts the conditional distribution toward lower utility states, decreasing
the expected value of utility at the current date.

An alternative interpretation of the recursion (4.9) is in terms of the smooth robustness
preferences of Klibanoff et al. (2005, 2009) and recursive preferences of Epstein and Zin
(1989). In the smooth ambiguity preference setting, the representative agent does not
choose the “worst-case model” and instead assigns a preference ordering to the alternative
models. In particular, let u be the agent’s utility over realizations of consumption, p index
different models, f the agent’s utility function over different models and 7 the belief
vector over the different models. Then, an agent with the smooth robustness preferences

evaluates consumption according to:

F7H (Ex [f (B[] ])]) -

Compare this to the recursion (4.9). Notice first that the tilted continuation utility,
R(BJi+1;04), corresponds to the continuation utility for an agent with Epstein and Zin
(1989) preferences, so corresponding to the inner expectation conditional on a “model”
in smooth utility preferences, the worst-case utility model evaluates future consumption
using Epstein and Zin (1989) preferences conditional on the current state. The recursion
(4.9) then uses an exponential utility function to rank continuation values and current

period utilities for different realizations of the state.
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To quantify the amount of distortion in the economy, Hansen and Sargent (2007)
introduce measures of the conditional relative entropy between the reference and the
distorted models. In particular, under the full information setting, the conditional relative
entropy between the reference and the worst case model of the future state and signals

evolution is defined as:

N
& (Gr+1,&5) = Z/T(gkyyt+1|§j)¢(€kayt+l)log O (ks Yer1) Y41
=1

and the conditional relative entropy between the reference and the worst case model of

the current state by:

N
(V) =Y pjtbjlogi;.
j=1

The total conditional relative entropy between the reference model and the worst case

model at date t is then given by:

e = €, (1) + E [ (der1, 2)| Ge] = € (1hr) + & (der1). (4.13)

In general, the recursion (4.9) does not have a closed-form solution. Instead, I look for
a first order approximation to the representative agent’s value function around the point
0;' = 071 = 0, which corresponds to the solution under the reference model. Notice
that the approximation I construct here is different in its nature from the small noise
approximations constructed in Campi and James (1996) and Anderson et al. (2010) as,
instead of approximating the reference model value function around the deterministic
steady state, I approximate around the value function corresponding to the zero signal

precision case.?> The following result holds:

3When the signal precision approaches 0, the agent does not update the conditional probability dis-
tribution and, hence, the stationary distribution can be used as the prior distribution.
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Lemma 4.2. The first order approzimation to the value function around the point 6;1 =

0;1 =0 is given by;
J(m; 071,071 ~ Jo(m) + 9;1J9;1(7r) + e (m), (4.14)

where € = 0;1/07" — 1. Here, Jy is the value function of the ambiguity-neutral agent,
Jegl measures the change in the value function as the overall level of ambiguity increases
and J. measures the change in the value function as the agent becomes more averse to
ambiguity about the signal quality than ambiguity about the underlying dynamics. In the
non-default states of the economy, the first order approximations to Jy, Jer;l, and J. in
terms of log-deviations, T, from the stationary distribution of the underlying Markov chain

are given, respectively, by:

Jo() & Yoo + Yo diag(T) 7 (4.15)
Jo=1 () & 0 + 1 diag ()7 (4.16)
Je(m) & Yo + Y diag(T)T, (4.17)

where the coefficients Yoo, Yo1, V10, Y11, Yeo and Ve solve the system (C.2)-(C.10). The
first order approximation to the implied distortion to the conditional joint distribution of

next period’s signals and state is then given by:

Ot (211, yea1) = 1= 07 B (Jo(mesr) — E [ Jo(mes1)| Fi]) (4.18)

— (077 = 037) B (Je(mea) — E[Je(mer)| F)

and the first order approzimation to the implied distortion to the conditional distribution
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of the current state by:

Yelz) 21— (05" = 0.7) B(E[Je(m)| o] — B [Je(mi41)] Gi]) (4.19)

— 0.1 (U(z) + BE [Jo(mis1)| Fi] = E[U(2) + BJo(mer1)] Gi) -

Proof. See Appendix C.1. ]

Notice that Jy is the value function of the representative agent under the reference
model. The vector 7y, captures the first-order dependence of the reference model value
function on the conditional distribution of the hidden state. From (C.3) we can see that
the right hand side of the equation determining ~y; ; is positive when the agent’s utility in
state j is higher than the stationary probability distribution weighted average of utility in
different states. Thus, vp1; is positive for states that have higher utility and negative for
lower utility states. Intuitively, the expected present value of the representative agent’s
utility should be higher when the probability of the economy being in a good state is higher
and lower when the probability of being in a bad state is higher. .J 1 measures the change
in the value function as the overall level of ambiguity increases. Since the ambiguity-averse
agent is solving a minimization problem in determining optimal consumption and portfolio
choices, Jegl is negative. Thus, as the agent becomes more ambiguity averse overall,
his value function decreases. .J., on the other hand, measures the change to the value
function of the ambiguity-averse agent as the agent becomes more averse to ambiguity
about signal quality than ambiguity about the underlying dynamics. Thus, keeping the
level of aversion to ambiguity about the underlying dynamics, J. is also negative as the
agent imposes a smaller entropy cost on choosing more distorted (toward lower utility
states) posterior distributions. Notice that, since both JHEI and J. are time-varying,

the agent’s perceived risk attitudes change depending on the conditional distribution of

29



the hidden state, with the vectors v;; and 7. describing the loadings on the individual
components of the probability vector.

Consider now the first order approximation to the worst-case distortion to the con-
ditional joint distribution of next period’s signals and states. Notice first that, when
the representative agent has equal degree of aversion to both sources of ambiguity, so
that 6, = 04, the first order approximation depends only on the value function of the
ambiguity-neutral agent, Jy. Recall that J. is the derivative of the value function of the
ambiguity-averse agent in the direction of greater aversion to ambiguity about the sig-
nal quality. Since the value function of the ambiguity-averse agent is lower than that of
the ambiguity-neutral agent, the distortion to the conditional joint distribution of next
period’s signals and state is smaller when the agent in more averse to ambiguity about
signal quality than ambiguity about the underlying dynamics. That is, if the agent is more
averse to ambiguity about signal quality than ambiguity about the underlying dynamics
(so that 9;1 < 071, the aversion to ambiguity about signal quality mitigates the impact
of ambiguity about the underlying dynamics on the perceived transition probabilities. On
the other hand, if the agent is more averse to ambiguity about the underlying dynam-
ics (so that 9;1 > 071) , the aversion to ambiguity about signal quality exacerbates the
impact of ambiguity about the underlying dynamics on the perceived transition probabili-
ties. Intuitively, if the agent is more averse to ambiguity about signal quality, then he will
not apply as a large of a distortion to the transition probabilities since misspecification of
the underlying dynamics is a smaller concern in his mind. If, however, the agent is more
averse to ambiguity about the underlying dynamics, then misspecification of the transition
probabilities is a primary concern which only worsens due to misspecification concerns
about the posterior distribution over the possible realizations of the current state.

Similarly, when 6y = 6, the first order approximation to the worst-case distortion to
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the posterior distribution of the current state also depends only on the value function of the
ambiguity-neutral agent. If the agent is more averse to ambiguity about the signal quality
than about the underlying dynamics (so that 6! < 6;1), the aversion to ambiguity about
the underlying dynamics exacerbates the impact of the ambiguity about the signal quality.
If, on the other hand, the agent is more averse to ambiguity about the underlying dynamics
(so that 0;1 > 0;1), the aversion to ambiguity about the underlying dynamics mitigates
the impact of the ambiguity about the signal quality. Intuitively, if the representative
agent is more averse to ambiguity about the underlying dynamics, he will not apply as
large a distortion to the current period posterior probabilities since misspecification of the
filter dynamics is a smaller concern in his mind. If, however, the agent is more averse to
ambiguity about the signal quality, then misspecification of the current period posterior
probabilities is a primary concern which only worsens due to misspecification concerns
about the transition probabilities.

Substituting for Jy and J. in (4.18)-(4.19), we can express:

oi(z" =&y |lz=¢5) =1+ ‘9;1 (SOOl,jk + 90;1,jkdiag(ﬁ)7% + 90;1,]'16 log f(y* — fk))
+ (051 = 07") (ogn + Pregrdiag(M)7 + ¢l i log f(y" — &)

V(&) = 140" (Cory + Gy ydiag(T)i) + (051 — 0.1) (Coej + ¢l jdiag(T)7)

where the expansion coefficients are given by (C.11)-(C.20). Integrating over the future

state, the implied transition probability matrix is:

S\jk = I@(thrl = &kl 2t = &;)
~ Ajk [1 + 9(;1 (SOOI,jk + (p;rl,jkdiag(ﬁ)ﬁ- + (pg/l,jkAllcﬂ (4.20)

+ Xk (051 = 071) (Qocjn + Pree judiag (T)T + Dl 1 Ak) -
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Notice that this implies that, unlike the reference model, the transition probability matrix
under the misspecified model is time-dependent. This effect introduces additional time
variation into asset prices above that implied by the time evolution of fundamental asset

values under the reference model.

4.4 Asset prices under the misspecified model

Since the representative agent evaluates expectations under the worst-case measure when
making consumption decisions, the Euler equation holds under the worst-case likelihood
and assets can be priced using the worst-case Euler equation. In particular, under the

misspecified model, the date ¢ price of a claim to the equity of firm ¢ satisfies:
Vi =E [6iAi — Ci 4 Bl Vi | Gi - (4.21)

As with the value function, consider a first order expansion of the equity price around
the reference model equity price. That is, I look for a first order approximation to the

solution of the worst-case Euler equation (4.21) in the form:
Vi(my; 071, 01) = Vig(mi) + 9;1‘/1.9;1(7@) + eVie(m). (4.22)

The following result holds:

Lemma 4.3. The first order approximations to Vg, ‘/ie;l, and Vi in terms of log-

deviations, T, from the stationary distribution of the underlying Markov chain, are given,
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respectively, by:

V;O(ﬂ't) = V4,00 + V£701diag(f)7? —+ 02(7%) (423)
Vw;l (7Tt) = Vi,10 + V{}Hdiag(f)fr + 02(7%) (424)
Vie(m) = Vieo + Vz{,ddiag(ﬁ)fr + Oy(7), (4.25)

where the coefficients v; oo, Vio1, Viio, Viil, Vieo and v;q solve the system of linear equa-

tions in Appendiz C.2.
Proof. See Appendix C.2. N

Consider now the CDS spreads under the misspecified model. Recall that the spread

on a default swap with maturity 7" =t 4 6n on the primary debt of firm ¢ is given by:

OXE B 1, 1| Gi]

7 th = B '
c ( ) ZZ=1 563[@ [1nzt+68‘ gt]

(4.26)

The misspecification concerns of the representative agent influence the CDS calculations
in two ways. First, the conditional probability of the current state is distorted using
Y(&;), with the lower utility states receiving a higher probability. Second, the transition
probability matrix A is replaced with the time-dependent distorted probability matrix A.

Introduce the following notation:

Y (mt,T) = E[B" 1| G
E

U (m,t,T) = E[l,>7|G],

so that:

X, (m,t, T
Gt T) = e Dt T)
Y ohy B8V (7, t, t + 6s)
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By definition:

T—

Y (m,t,T) = Zp]ﬂb &) Z (1| 2 = &

= Zw 53

\I]i(ﬂ7th) = Zp]t¢ gj

—t"’S’Zt )

7'1 t+s| Zt = gj])

( z:t+S’Zt:£])>

Let ¢ = (zt+n &y Ztan—1 &y o a1 #F &l 2z = &) be the probability that ¢ 4+ n

iﬂm
H.»—A

= ZW@J)

i N 7 \IIM“H

s

is the first hitting time of state j conditional on being in state ¢ at date ¢, so that
P(ri=t+n|z= §j) = G-~ Introduce also the matrix of the first hitting time proba-
bilities: Q" = {q”} i1 and let QS = diag(Q™). Then, from Seneta (1981), Q" is given
recursively by:

@ =1g;
Notice that, since A is time-dependent, the first hitting time distribution under the mis-
specified model is also time-dependent.

Consider now the contagion effect of the default of firm ¢ at date 7; on the expected

time to default of the surviving firms. I will use the following property of Markov chains:

Lemma 4.4. Let {X;},., be a Markov chain on the probability space (Q, F,P) with tran-
sition matriz P and state space I. Define the hitting time of a subset A of I to be the
random variable T4 : @ — {0,1,2,...} such that Ta(w) = inf{t > 0 : Xy(w) € A}. Denote

by ka(i) the mean time taken for (Xi),5, to reach A after starting from state i:

ka(i) = E [74] Xo = 1.
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Let () denote the matrix obtained by deleting the rows and columns corresponding to the

set A from P. Then:
ka(i) =Y (1 - Q)5 (4.27)

JgA
Proof. See e.g. Seneta (1981). O
Similarly to Frey and Schmidt (2010), I define the contagion effect as the change in the

expected time to default of firm j at the default time 7; of firm ¢, which is given by:

o, (7) = ho, (i = 1) = E | oy,

G| (4.28)

Notice that there are two opposing effects of observing one of the firms default. On
the one hand, it reveals to the representative agent the current state of the economy,
thus reducing the misspecification concerns faced by the agent. On the other hand, the
conditional probability of the other firms defaulting next period increases as the agent

knows that the aggregate component of the fundamental value is in its lowest state.

5 The 2007—-2008 Financial Crisis

In this section, I estimate the model in Section 4 using data on financial institutions.
Although the returns on the equity of financial institutions accounts for a small portion
of the overall level of consumption in the economy, these institutions were at the forefront
of the 2007 financial crisis and, thus, to understand the asset price movements during
the crisis, it is important to understand the movements in the prices of claims on these
institutions. I begin by estimating the parameters of the reference model using the obser-
vations of book equity of financial institutions as firm-specific signals and the Case-Shiller

10 Cities Housing (CS10) Index as the signal about the common component of the asset
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values. Although book equity of financial institutions make for imperfect signals, both
because by it’s nature the series is backward-looking and because of the infrequency of ob-
servation, using observations of market equity is also fraught with difficulty. The problem
of inverting market prices to obtain time series observations of risk-neutral probabilities
is a complex problem in general. For the model considered in this paper, the matter is
complicated by the fact that all market prices reflect the worst-case distortions imposed
by the preferences of the representative agent. Thus, if market prices were to be used
as firm-specific signals, then estimation could no longer be decomposed into two parts
— estimating independently the parameters of the reference model and then using these
parameters as inputs to estimate the ambiguity preference parameters, further complicat-
ing the estimation procedure. While I believe that observations of market equity for the
institutions concerned provide interesting insights into the nature of risk and uncertainty
in the market, in the current paper I prefer to use these time series to provide an outside
test for the validity of the estimated parameters. I choose observations of the CS10 Index
as the aggregate signal to capture the exposure of the financial institutions to risks associ-
ated with the national housing market. Notice from Table I that the financial institutions
considered have higher correlations with the CS10 Index than with stock market indices,

such as the S&P 500 index.

(Table I about here.)

Next, I use historical observations of CDS spreads for the financial institutions prior
to the start of the crisis to obtain an estimate of 8, and 6,; — the parameters governing
the investors’ aversion to misspecification of the filter distribution and underlying dynam-
ics, respectively. Using these estimates, I compute the implied relative entropy between

the reference and the worst-case models and decompose the entropy calculation into the
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contributions from misspecification of the signal model and misspecification of the funda-
mental value of assets model for the whole time series. Next, I compare the model-implied
CDS rates and equity prices to the observed time series. Finally, I examine the differential

effect of the two sources of misspecification in the model on asset prices.

5.1 Estimating the reference model

To estimate the reference model, I use historical observations of the firm-specific signals
and the aggregate signal. Below, I provide the outline of the estimation procedure. The
details of the estimation are provided in Appendix A.

As observations of firm-specific signals, I use balance sheet data from COMPUSTAT.
In particular, I use observations of book equity as the accounting signals. As observations
of the aggregate signals, I take the time series of the Case-Shiller 10 Cities index. Notice
that, while balance sheet data are observed at a quarterly frequency only, observations
of the CS10 Index are available at a monthly frequency. The procedure described in
Appendix A accounts explicitly for this dual frequency of observations. Notice that, to
estimate the reference model, I only use observations up to Q2 2007 to avoid introducing
measurement error by including observations of the accounting signal which reflect mark-
downs taken since the start of the crisis, as well as the increased ambiguity discount in
credit derivatives held on the balance sheets of these institutions.

Recall that the reference model is described by the parameters:

A, {¢ }]\L : transition probability matrix and states of the fundamental asset values
JJ =1

{ pi}lez firm-specific loadings on the common component

>, signal error covariance matrix

{D;, C’i}le: level of perpetual debt and coupon payments
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) {52-}5:1: fraction of assets generated as cash-flows.

I begin the estimation by identifying the face value of the perpetual bond issued by
firm i, D;, with the last pre-crisis (Q2 2007) observation of the firm’s value of long-term
debt; notice that, since the model-implied debt has infinite maturity, long-term debt is a
better measure than total debt as it excludes short-term liabilities. The coupon payment,
C;, is then chosen to make the level of debt D; optimal. Following the model assumption
that each firm generates a constant fraction 9; of assets as cash-flows, I identify 9; as
the time-series average of the total earnings as a fraction of total assets. The rest of the
parameters are estimated using the Gibbs sampling procedure of Appendix A.

The estimated reference model parameters are presented in Tables II — III and the
filtered time series of the expected fundamental value of each firm’s assets under the
reference model is plotted in Fig. 9. Notice first that, while changes in the filtered
fundamental asset values mimic the observed changes in the corresponding book values,
the level of the fundamental asset values are lower than that of the book values. Notice
also that the states of the economy are highly persistent. The probability of the firm-
specific component of asset values staying in the same state next period is around 54% and
the probability of the aggregate component of asset values staying in the same state next
period is around 99%. Notice also that, although book values have a high correlation
with the Case Shiller 10 Index, the estimated firm-specific loadings on the aggregate
component of asset values is lower, ranging from 27% for JP Morgan and less than 1%
for Bear Stearns. Finally, notice that the signal errors have low cross-correlations of at
most 7% and a higher variance, ranging from 73% for the Case Shiller 10 Index to 15%
for Goldman Sachs.

(Table II about here.)
(Table IIT about here.)
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(Figure 9 about here.)

5.2 Estimating the misspecification preference parameter

Consider now estimating the degree of aversion toward misspecification of the underlying
dynamics, €', and misspecification of the filter distribution, #7'. Rewrite the CDS

equation (4.26) as:

0=2X,Y" (m,t,T) — ¢;(t,T) > _ B U (r,t,t +6s).
k=1
Recall that the expectation functions Y% and ! are calculated using the worst-case like-
lihood and, thus, depend on investors’ preferences toward ambiguity. Thus, to estimate

07" and 61, 1 assume that the CDS rates are observed with a measurement error. In

particular, assume that the observation equation is given by:

n

0 =2X,Y" (m,t,T) = &(t,T) > B (m,t, 1+ 65) + nir,
k=1

where ¢;(t, T) are the observed CDS rates and the vector of maturity-specific measurement
errors My = [Nires - - - Mirs) is normally distributed and i.i.d. across time and firms: 7; ~
N(0,%,). Taking the point estimates from the Gibbs sampling procedure as estimates
of the reference model parameters, I make draws of the vector ~! = [9;1 08_1}/ using a
Random Walk Metropolis algorithm with a flat prior. The accept/reject probability for
the draws of 87! is the ratio of the likelihood of the CDS rates for all firm, at all available
data points and for all available maturities.

To evaluate whether the investors’ attitudes toward ambiguity change during the crisis,

I conduct three different estimations of the parameters ;' and 67! using different data
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sub-periods: the pre-crisis period, the period from the start of the crisis to the bailout of
Bear Stearns and the period from the bailout of Bear Stearns to the liquidation of Lehman
Brothers. The results of these estimations are presented in Table IV. Notice that the
estimation suggests that the investors in this market exhibit a higher degree of aversion to
ambiguity about the filter distribution than to ambiguity about the underlying dynamics.
Notice further that the three different periods do not yield significantly different estimates
of ;' and 67!, suggesting that the investors attitudes toward model misspecification do
not change significantly during the crisis period. Instead, the observed changes in CDS
rates are due to the amount of ambiguity faced by agents in the markets and to shifts in

what kind of misspecification the agents are more concerned about.
(Table IV about here.)

Consider now the model-implied time series evolution of credit spreads. Since the
estimate of #~! does not change during the crisis, I use the pre-crisis estimates of 0;1 and
07! to compute the model-implied CDS spreads. Table V presents the observed 5 year
CDS spreads for the financial institutions at five dates of interest — before the start of
the crisis, July 2007, at the start of the crisis in August 2007, after the bailout of Bear
Stearns in March 2008, after the liquidation of Lehman Brothers in September 2008 and
after the introduction of TARP in October 2008 — together with the model-implied CDS
rates at these dates. Notice first that the model-implied CDS rates follow the observed
pattern of increasing during the financial crisis. Further, for most institutions, the implied
CDS rates match the levels of CDS spreads over time, although the performance of the

estimated model worsens after the liquidation of Lehman Brothers.

(Table V about here.)
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Recall that the estimates of the ambiguity aversion parameters 6;' and ;! do not
change significantly over the crisis. What then generates the time series behavior of CDS
rates that we observed during the crisis? In this paper, I argue that the observed rapid
increases in CDS spreads are driven by changes in the amount of total ambiguity faced by
investors in the market, as well as changes in how this total amount of ambiguity is de-
composed into the amount of ambiguity about the underlying dynamics and the amount
of ambiguity about the filter distribution. In Fig. 10, I plot the time series evolution
of ambiguity, as measured by the conditional relative entropy between the reference and
the worst-case likelihoods?, during the crisis. Notice that at the beginning of the crisis
(after the BNP Paribas announcement in August 2007), only ambiguity about the filter
distribution increased. Intuitively, at the beginning of the crisis, although investors ob-
served the negative reports released by financial institutions, since no defaults of major
institutions occurred, they could interpret these new signals as informing about the qual-
ity of information and not about the quality of the assets on the balance sheets of these
institutions. Contrast this with the changes to the amount of ambiguity after the bailout
of Bear Stearns in March 2008 and after the liquidation of Lehman Brothers in September
2008. In these cases, it is the amount of ambiguity about the underlying dynamics that
increases. Unlike the start of the crisis, investors now observed default by major financial
institutions, which increased their uncertainty about the quality of assets held by finan-
cial institutions. Notice also that, although the amount of total entropy decreased a little
after the introduction of TARP in October 2008, it was still higher than before the start
of the crisis, which is consistent with the Caballero and Krishnamurthy (2008a) intuition

that ambiguity increased during the crisis.

(Figure 10 about here.)

4See the definition of conditional relative entropy in eq. (4.13)
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To further understand the time series evolution of asset prices during the crisis, con-
sider the time series evolution of expected time to default of the financial institutions.
Table VI presents the expected time to default for the financial institutions at five dates
of interest — before the start of the crisis, July 2007, at the start of the crisis in August
2007, after the bailout of Bear Stearns in March 2008, after the liquidation of Lehman
Brothers in September 2008 and after the introduction of TARP in October 2008 — to-
gether with the percentage change in the time to default relative to the previous month.
The initial BNP Paribas announcement in August 2007 only lead to a decrease in the
expected time to default for only Bank of America, Goldman Sachs and Morgan Stan-
ley. This coincides with the intuition that investors interpreted the announcements by
financial institutions at the beginning of the crisis as increasing the amount of ambiguity
about the filter distribution, and not necessarily indicative of the quality of assets held
by the financial institutions. More interesting is the fact that the bailout of Bear Stearns
in March 2008 lead to a decrease in the expected time to default for only some firms. In
contrast, the liquidation of Lehman Brothers in September 2008 decreased the expected
time to default for all institutions except Goldman Sachs and Morgan Stanley. Thus,
while the bailout of Bear Stearns induced contagion effects for some of the financial in-
stitutions, the effect was not as widespread as that induced by the liquidation of Lehman
Brothers. Intuitively, while the bailout of Bear Stearns increased the ambiguity about
the underlying dynamics, the fact that the institution was bailed out and not liquidated
implied a guarantee for the other institutions and thus mitigated the contagion effects.
The liquidation of Lehman Brothers, on the other hand, removed this guarantee and thus

the liquidation had more systematic effects.
(Table VI about here.)

Compare this to the evolution of expected times to default under the reference model,
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presented in Panel B of Table VI. Notice first that, under the reference model, the
expected time to default is longer at all dates than under the misspecified model. Intu-
itively, the misspecification-averse agent perceives the probability of default next period to
be greater than under the reference model, decreasing the expected time to default. Next,
consider the time evolution of the expected times to default. The initial BNP Paribas
announcement leads to a slight ( 0.03%) decrease in the expected time to default for each
of the institutions. As under the misspecified model, the decrease in the expected time
to default is much greater after the bailout of Bear Stearns. Notice, however, that the
decrease under the reference model is greater than under the misspecified model. Intu-
itively, since the misspecification-averse agent already has more pessimistic views of the
future, observing the bailout of Bear Stearns did not have as a large of an impact on her
beliefs as it did on the beliefs under the reference model. Similarly, the decrease under
the reference model after the liquidations of Lehman Brothers is larger than under the
misspecified model. After introduction of TARP in October 2008, however, the increase
in the expected time to default under the reference model is much smaller than under the
misspecified model.

Finally, consider the implied time series evolution of equity prices during the crisis.
Fig. 11 plots the observed evolution of equity prices together with the model-implied
evolution. Although we cannot hope to match the level of equity prices since the firm
earnings model in the paper is extremely simplistic, the model should be able to match
the observed movements in equity prices. Comparing the model-implied evolution to
the true evolution of equity prices, we see that the model-implied equity prices lag the
observed equity prices. This is not surprising since the signals used to construct the time
series evolution of conditional probabilities are backward-looking; for example, the Case-

Shiller 10 Index is constructed using observations over the previous three months. The
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model is able to capture the overall downward trend of equity prices during the crisis and
especially well the sharp drop in equity prices after the bailout of Bear Stearns and after

the liquidation of Lehman Brothers.

(Figure 11 about here.)

5.3 Sources of ambiguity and CDS rates

I will now investigate the impact of ambiguity aversion on CDS rates and the expected
times to default of the financial institutions examined in Section 5 in greater detail. In
order to evaluate the disparate effect of the two sources of ambiguity on market quantities,

I will examine two cases:

1. Investors are averse to ambiguity about the underlying dynamics but not to ambiguity

about the signal quality (0,1 = 0).

2. Investors are averse to ambiguity about the signal quality but not to ambiguity about

the underlying dynamics (6" = 0).

In this exercise, I assume that the value of the non-zero degree of ambiguity aversion is the
value estimated in Section 5 using the pre-crisis data (see Table IV). This allows me to
examine the counterfactual implication of having only one source of ambiguity for market
prices. While it is possible to estimate the full model with different degrees of aversion
to different sources of ambiguity using a version of the Metropolis-Hastings algorithm
described in the previous section, it would be less illuminating about the differential
impact of the two sources of ambiguity and I leave that exercise for future research.
Consider now the CDS rates implied for different sources of ambiguity. Table VII
presents the percent deviation between the model-implied and the observed five year

CDS rates for different financial institutions at five dates of interest — before the start
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of the crisis in July 2007, at the start of the crisis in August 2007, after the bailout of
Bear Stearns in March 2008, after the liquidation of Lehman Brothers in September 2008
and after the introduction of TARP in October 2008 — for three different specifications
of ambiguity preference. In particular, the column “Main” refers to the case in the main
body of the paper, with the representative agent averse to ambiguity about both the
underlying dynamics and the filter distribution; the column ;! refers to the case when
the representative agent is averse to ambiguity about the underlying dynamics only; the
column 0;1 = 0 refers to the case when the representative agent is averse to ambiguity
about the filter distribution only. Notice first that, the model with aversion to both
sources of ambiguity fits the data better overall than either the model with aversion to
only the underlying dynamics or the model with aversion to only the filter distribution.
Thus, both sources of ambiguity are important in explaining the behavior of CDS rates
during the crisis. Notice also that neither the model with aversion to only ambiguity
about the underlying dynamics outperforms consistently the model with aversion to only
ambiguity about filter distribution nor wvice versa. This is consistent with the intuition
provided by the time series of the different contributions to entropy in Fig. 10. More
specifically, at the start of the crisis (July — August, 2007), the model with aversion to
only ambiguity about the filter distribution outperforms the model with aversion to only
ambiguity about the underlying dynamics, implying that, during this period, ambiguity
about the filter distribution had a stronger impact on CDS rates. This relationship
reversed as the crisis progressed, with the model with aversion to only ambiguity about
the underlying dynamics outperforming the model with aversion to only ambiguity about
the filter distribution. Thus, during the later part of the crisis, ambiguity about the

underlying dynamics had a stronger impact on CDS spreads.

(Table VII about here.)
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6 Conclusion

In this paper, I consider the implications of model misspecification for default swap
spreads. Using an incomplete information version of the Black and Cox (1976) model
of credit spreads as the reference model, I find that introducing misspecification concerns
exacerbates the imperfect information problem faced by the representative agent. This
leads to an increased level of default swap spreads overall and greater sensitivity of CDS
spreads to bad news. The misspecification-averse agent perceives the probability of de-
fault next period to be higher than under the reference model, increasing CDS spreads and
decreasing expected time to default. Observing a bad signal not only increases the con-
ditional probability of being in a low-payoff state in the current period but also increased
the perceived probability of default in the next period.

To investigate whether the model can produce reasonable magnitudes of CDS spreads,
I estimated the parameters of the reference model using observations of the book value of
equity of several financial institutions as firm-specific signals and of Case Shiller 10 Index
as observations of aggregate signals. The misspecification preference parameters 9;1 and
67! were then estimated using observations of CDS spreads for the financial institutions
over time. The results of the estimation procedure suggest that, while agents’ preference
toward model misspecification did not change during the crisis, the amount of entropy in
the economy and how that entropy is decomposed into the contributions from misspeci-
fication of the joint distribution of next period’s signals and state and misspecification of
the conditional probability distribution of the current state did change. In particular, the
initial BNP Paribas announcement in August 2007 lead to an increase in ambiguity about
the filter distribution. The bailout of Bear Stearns in March 2008 and the liquidation of
Lehman Brothers in September 2008 on the other hand lead to an increase in the amount

of ambiguity about the underlying dynamics.
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Examining the implied time-series evolution of equity prices, I find that, while the
model is able to match the overall movements of the equity prices, the model-implied
equity prices lag the observed equity prices. A possible avenue of future research is to
estimate the model under the assumption that the representative agent in the economy
observes more information than the econometrician estimating the model. While allowing
for equity prices to adjust quicker to news in the market, this would also allow us to
estimate the model at a higher frequency and, thus, extract more information from the
observed CDS spreads.

I turn next to examining the disparate effect of the two sources of ambiguity aversion
on market prices. I find that, while both sources of ambiguity play an important role in
determining CDS spreads, aversion to different sources of ambiguity plays an important
role during different times. In particular, the model with aversion to only ambiguity about
the filter distribution is better able to explain the evolution of CDS spreads at the start
of the crisis, while aversion to only ambiguity about the underlying dynamics performs
better during the later part of the crisis. Notice that this corresponds to the intuition
delivered by looking at the time series evolution of the two contributions to entropy.

Notice that, while the model described in this paper is geared toward explaining the
observed increases in CDS spreads, similar intuition could be used to explain observed
changes to prices of collateralized debt obligations (CDOs) and other complex securities.
In fact, since arguably CDOs have a more complicated underlying structure than default
swaps, model misspecification concerns would be even more relevant in pricing these

securities. A formal treatment of this problem, however, is left for future research.
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A Reference Model Estimation

I estimate the time series parameters of the reference model using a Gibbs sampling
procedure. Recall the Gibbs sampling allows to sequentially make parameter draws from
conditional posteriors. Because the model can be broken down into as many conditional
posteriors as needed, it is possible to fully estimate the reference model specified in Section
4.

Recall that for the model of Section 4.1, the observations in the economy are given by:

Yie = &is + Pi€iti,s, + Uit v=1,...,1

Yet = £]+1,St+u0t7

where s; is the indicator of the state at date ¢. In reality, observations of book value occur
at a quarterly frequency while observations of the aggregate signal occur at a monthly
frequency. Denote by n, the number of periods in between observations of firm-specific
signals and by ¢, the number of available observations of the firm-specific signals.

To reduce the number of parameters to be estimated, I impose additional restrictions
on the model. In particular, I assume that the vector of the firm-specific components
Zpe = |24, ..., 2] of the hidden state vector z evolves independently of the aggregate
component, z;. That is, I assume that zy and z4 evolve as two independent Markov
chains. The vector of firm-specific components z; evolves as an ns-state Markov chain,
with values (1, ..., (s, and transition probability matrix 2y defined by:

{Q b = wrin =P (2pe01 = Gl 250 = (p5) -

Similarly, the aggregate component z.; evolves as an n. Markov chain, with values (.1, . .., (e,
and transition matrix €2, defined by:

{Qc}jk = Wei,jk = P (zc,t+1 = Cck’ Zet = ch) .

[ impose also the assumption that the signal errors of the aggregate signal are uncorrelated
with the signal errors of the firm-specific signals but allow for the errors of the firm-specific
signals to be cross-sectionally correlated. That is, I partition the signal covariance matrix

into: o
Yur 011
Eu - _’uf ’ ;
|: 01,] Euc :|

where X, is the covariance matrix of the firm-specific signals and ¥, is the variance of
the aggregate signal. Notice that this formulation allows me to estimate the firm value at
default directly from the signal observations: since zy; and 2z evolve as two independent
Markov chains, it is possible to recover the lowest value of the firm-specific component
and the lowest value of the common component without observing default.
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Denote by © the full set of parameters to be estimated:

O = {Qfa Qmel, SR 7Cfnf7C017 BRI Ccn(;?pl? <o PI Zuf72u07 {Sft}iyzl ) {SCt}?zl}

and by ©_ 4 the set of all parameters except A: ©_4 = O\ A. With the above assumptions,
the main steps in the Gibbs procedure are as follows:

Step 1. Conditional on a draw of ©_gq,, make a draw of {2f
Step 2. Conditional on a draw of ©_g_, make a draw of €2,
Step 3. Conditional on a draw of ©_(¢ yne , make a draw of (e, ..., e

Step 4. Conditional on a draw of @_{Cfi ny , make a draw of (p1,..., Crn,

=1

Step 5. Conditional on a draw of 9—{pi}£17 make a draw of py,..., pr
Step 6. Conditional on a draw of ©_yx, ,, make a draw of 3,y
Step 7. Conditional on a draw of ©_y, ., make a draw of X,

Step 8. Conditional on a draw of © _ (s} T make a draw of {sct}thl

¢
vy , make a draw of {sp}”,
t=1

Step 9. Conditional on a draw of @7{

Sft
Step 10. Permute the state indicators

For the conditional posteriors below, I rely on Gibbs sampling results for regime-
switching models. The initial application of MCMC estimation methods to regime-
switching models in due to Albert and Chib (1993), who estimate an autoregressive model
with Markov jumps following a two-state Markov process. McCulloch and Tsay (1994)
extend this to situations where the regime-switching model includes non-regime-specific
(common) components. For the most part (and in the algorithm below), practical MCMC
estimation uses the principle of data augmentation and treats the indicators of the state
of the latent Markov chain as missing data. Treating observations of the latent Markov
chain as missing data allows for the use of conjugate priors in estimating the parameters of
the model. For a more exhaustive discussion of the use of MCMC methods for estimating
the parameters of Markov chains, see Fruhwirth-Schnatter (2006).

A.1 Conditional on a draw of © ¢, , make a draw of ()

Denote by Q ) the n,-periods-ahead transition probability matrix of the firm-specific value
vector zp: U = Q?y. Since obsevations of the firm-specific signals occur only every n,
periods and the aggregate signals are not informative about the firm-specific state, I
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make draws of 7 and then infer the corresponding draw of {2y. Generalizing the results
of Albert and Chib (1993) and McCulloch and Tsay (1994) to the multiple state case, the
conjugate prior for the 57 row of Qy is :

~ . f f
wyj ~ Dur (aﬂ, e ,Ozj,nf> )

where Dir denotes the Dirichlet distribution®. The posterior is then given by:

~ ; f f f f
Wy, ~ Dir (ozjl R TRl njnf> ,

where n;ck is the number of times the Markov chain z¢ transitions from state j to state k

in the current draw of {s ft}iy:y Once a draw of s is made, the corresponding draw of
1
the original transition probability matrix is computed as 2y = Q;y )

A.2 Conditional on a draw of ©_q_, make a draw of (2,

Similarly to Q s, the conjugate prior for the j% row of €, is the Dirichlet distribution:

N (& (&
We,j ~ Dir (aﬂ, e 7aj,nc) ,
and the posterior is given by:
- (& (& (& c
We,j ~ Dir (aﬂ + NGy, 05, + njn) ,

where nf; is the number of times the Markov chain z. transitions from state j to state k

in the current draw of {sct}tT:l.

A.3 Conditional on a draw of @—{Cci}?;‘l’ make a draw of (.1,...,(.p,

To derive the conditional posterior of (.;, ¢ = 1,. .., n., notice that the firm-specific signals
contain information about the common component of the fundamental asset values. In
particular, notice that the likelihood function of the signals is given by:

ty T

1 N —1~ 1 Yet — Cc,sC - ﬂc 2
L(yl©) o exp{—§zy},my2u}yf,my—52( d Sh ) }
T7=1 uc

t=1

where §rra, = Yrra, = Crspra, = Plesera, — Uf- Let iy <iy < ... <y, denote all the

/
time indices such that s., = j and let y.; = (ycil, e ,ycinj> . The conjugate prior is

SRecall that the Dirichlet distribution generalizes the beta distribution to the multinomial case
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given by:
ch ~ N (CC,0j7 EucA;é])

and the conditional prior by:

ch ~ N (QTCja ZucAc_Jl) )

ch = nyj Zucplzg}p + TL] + AC,Oj

G = A [ZuelTu} Y Wrma, = Croima, = U5) T Y Weir = Te) + AcojCeo;
k=1 k=1
A.4 Conditional on a draw of @7{%}21, make a draw of (f1,...,(ry,

Denote: §r; = ype — pQes,, — U. Let j1 < jo < ... < jn, denote all the time indices such
/
that s¢j, = 7 and let g¢; = <gjf,j1, e ,gf,jnj] . Then the conjugate prior distribution is:

Cti ~ N (Crojs SurAzg;)
and the conditional posterior by:

Cri ~ N (Cir ZurAyj)
where:

A = nj+ Agjo

(= Ay Z Yrge T Af,jon,ﬂJ]
k=1
A.5 Conditional on a draw of @—{pi}le,zuf’ make a draw of py, ..., ps

and

Define: gy = ys1 — Uy — (ss,,- The prior distribution for the vector p is then

p~ N (B, EquEpl)
and the conjugate posterior is given by:
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where:

A*’p - Z CCz,Scz + AOP

t=1
Ly
6* = A*_}) <Z gfth,sct + AOpBO) .
t=1

The conjugate prior for X, is given by:
Yup ~ IW (v, V)
and the posterior is given by:
Sup ~ IW (v +1t,,V+59),

where

~

Y

S =3 (Bruny — Cenein, ) (Brmy = Penss, ) + (B = Bo) Aoy(B. — o)

t=1

A.6 Conditional on a draw of ©_y, , make a draw of X,

In this case, the conjugate prior is an inverse y2-distribution:

VCEZ

Zuc ~
X2 (ve)

and the conditional posterior by:

v.5 + TE.
(e +T)’

uc

where:

T
TEC - Z(yct - Ccsct - HC)Q'
t=1

A.7 Conditional on a draw of ©_ {s}",? make a draw of {Sct}zzl

Denote by S.; the history of observations of the aggregate regime up to date ¢, S, _; the
full history of the aggregate regime except at date t. The conditional posterior is then
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given by:

]P) (Sct’ {yCT}Z:17 Sc,ft) X P(Sctlsc,tfl)]}n(sc,wrlysct) exXp { M

5 5 } t #nny,necN

P (sul (e} Ty, Sot) o P(sdpc,t1)1@(56,”1;3@)@@{ 2%2—<>}

1
X €exp {_5 (yft - Cf,s]ct - pgcscz)/ E;; (yft - Cf,s]ct - p(csct)} t= nny,n €N

A.8 Conditional on a draw of © VR make a draw of {s ft}iyzl

Denote S the history of observations of the firm-specific regime up to date ¢, Sy _; the full
history of observations of the firm-specific regime except at date t. Then, the conditional
posterior for sy is given by:

P (sgel {yretieys Sp—t) o< P(spilsgi—1)P(spa41]55:)

1
X exp {_5 (yft - gfysft - chsct)/ E;} (yft - Cf,b‘ft - pCcsct)} .

A.9 Permute the state indicators

As discussed in Fruhwirth-Schnatter (2001), the behavior of the sampler described above
is somewhat unpredictable, and the sampler might be trapped at one modal region of
the Markov mixture posterior distribution or may jump occasionally between different
model regions causing label switching. A simple but efficient solution to obtain a sampler
that explores the full Markov mixture posterior distribution is suggested in Fruhwirth-
Schnatter (2006). Each draw from the Gibbs sampler is concluded by selecting randomly
one of ny! possible permutations of the current labeling of the firm-specific states and one
n.! possible permutations of the current labeling of the aggregate states. This permuta-
tion is then applied to the transition probability matrices 2y and €2, the state-specific
parameters (r and (. and the state indicators 37}” and s’

B Model Misspecification

In this section, I describe the derivation of the risk-sensitive recursion (4.9) and the
distortions (4.11)-(4.12) to the filtering distributions. I rely on the results of Hansen
and Sargent (2005), Hansen and Sargent (2007) to formulate the model misspecification
problem faced by the representative investor.

Let M; be a non-negative F;-measurable random variable, with E [M;] = 1. Using
M, as a Radon-Nikodym derivative generates a distorted probability measure that is

96



absolutely continuous with respect to the probability measure over F; generated by the
model (4.1). Under the distorted measure, the expectation of a bounded F;-measurable
random variable W, is | [W;] = I [M,W].

To construct the implied (distorted) conditional density, Hansen and Sargent (2007)
factor the martingale M; into one-step-ahead random variables. More specifically, for a
non-negative martingale {M;},., form:

A i M>0
T 1 M =0

Then M;y1 = my11 M; and, for any ¢ > 0, the martingale M; can be represented as:
t
M, = Mo [ [my,
j=1

where the random variable M, has unconditional expectation equal to unity. Notice that,
by construction, my;,; has date t conditional expectation equal to unity. Thus, for a
bounded F;;;-measurable random variable W, the distorted conditional expectation
implied by the martingale {M,;},, is constructed as:

~ E{ MW | F E{ M Wi | F
E[Wi| F = [E [t]J\r41t+1t|+]1:|t] t] B [ t+?\4tt+1| ! = E [my 1 Wi | A,

provided that M; > 0. Let M; be the space of all non-negative F;-measurable random
variables m; for which E [m| F;_1] = 1. The elements of M, represent all possible
distortions of the conditional distribution over F;,; given F;; that is, each m;; 1 € My
represents a possible distortion to the underlying asset value dynamics. The amount
of distortion introduced by m;,; is measured each period using the conditional relative
entropy between the reference and distorted models:

Etl(mt+1) =E [mt+1 log mt+1| ]:t] . (B.1)

To introduce distortion to the signal model, consider factoring the martingale M; in
a different way. More specifically, introduce the G;-measurable random variable M; =
E [ M| G;] and define:

My ¢ 1)
L Vi if Z\f[t >0
The Gi-measurable random variable M, implies a likelihood ratio for the partial infor-
mation set G; while the F;-measurable random variable h; represents distortions to the
probability distribution over F; given G;. Define H; to be the space of all non-negative F;-

measurable random variables h, for which E[h;|G;] = 1. Similarly to (B.1), the amount
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of distortion induced by h; is measured as:
€?<ht) =K [ht log ht| gt] . (B2)

To solve for the worst-case likelihood, introduce an entropy penalization parameter
6 > 0 which captures the beliefs of the representative agent about the amount of misspec-
ification in the economy: as 6 increases, the set of admissible alternative models decreases,
with the limiting case § = oo corresponding to only the reference model being admissible.
Begin by considering the full-information case. Corresponding to each F;,;-measurable
random variable m,; is a relative density ¢(z*,y*). The minimizing agent solves:

=0 <

N
min > [ V(6.7 57) + 0log 0(65,7)] 665 9°) (&5 v” 2, )dy
=1

subject to:
N
> [ o6ty lzmay =1,
j=1

where * denote next period values and 7(z*, y*|z,y) is the joint transition probability:
* * -1 1 * * —\/y—1 * * —
(020 = 28 Ao 20— 2 WS - W] (B

The solution to the minimization problem implies a transformation 7' that maps the
value function that depends on next period’s state (§;, 7", y*) into a risk-adjusted value
function that depends on the current state (z,m,y):

N * *
T(7)0) = ~10g 3 [exp (—M) &yl ndyt. (B4
j=1

The minimizing choice of ¢ is given by:

oxp (- 2100)

. [exp (_wwgr*,y*)) ‘ ft} '

Similarly, corresponding to each G;-measurable random variable h; is a relative density
¥(z), with the worst-case distortion given as the solution to:

(bt(Z*? y*> =

N

min) [W(m,&) + 0logw(&))] v(&)p;

o8



subject to:

N
> w(&p =1
j=1
This implies another operator:
T*(W|0)(m) = —910gZeXp ( G fﬂ) V(&)p;- (B.5)

The corresponding minimizing choice of ¢ is given by:

exp <——W(g’z)>

Vi(2) = - [eXp (—W) ‘ Qt} :

C Proofs

C.1 Proof of Lemma 4.2

To obtain a first order approximation to the value function around the point Gd_l =07t =
0, we need to take a second order expansion of the risk-sensitive recursion. In particular,
introduce 0;1/0," = 1 + € and rewrite the recursion (4.9) as:

exp (=07 (1+€)J;) =E [exp {—0;" (1 + €)U(z) + (1 + €) logE [exp (=807 Ji11) || }| G¢] -
Then, taking a second order expansion of the above recursion, we have:

8J(p,0 0))

-2

0
—0; (L +e) i) = 1= J(p;0,0)0;" + =5~ (J(p; 0,0)% —

2 00,

Oe
(1+€)U(z) + (14 €) logE [exp (=86, " Jir1)|] } = 1 — 07" (U(z:) + BE [J(p; 0,0)| Fo))

0J(p;0,0
S0 7] - PEUG 0017

exp( ) )

(smon - 2509)
exp{ «9

+ % {(U(zt) —l—ﬂE[J(p;O»O)"FtDQ —2PE {

0J(p;0,0)
—0;16 U(z) + PE {J(p;0,0)—l—p—"]:t}}

Denote:

dJ(p;0,0)
00,

9J(p;0,0)

Jo=J(p;0,0)  Jyr = T

Je =
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2
exp (=07 (1+e€)J;) = 1— Jobl; " + 9— (JO —2J,- 1) —e(Jo+ Jo)

exp {0, (1+)U(z) + (1 +¢) logE [exp (=807 Jii1)|]} = 1 — 67" (U(z) + BE [ Jo(t + 1)| 7))

+ % {(U(Zt) + BE [Jo(t + 1)| Fi])* — 26E [Jegl(t + 1)‘ Ft} — B°E[Jo(t + 1)|]:t]2}

— 07 e {U(2) + BE[Jo(t + 1) + J(t + 1)| F]}

Substituting into the risk-sensitive recursion and equating coefficients on powers of 67!
and €, we obtain the following system of equations for Jy, J%l and J:

Jo(t) = E[U(z)+ BJo(t+1)| G
201 (8) = Jo(t) +E [28Jy (£ + 1)+ B°E [Jo(t + DI R = (U(=0) + BE [ Jo(t + D] F)| 6]
J(t) = —J@)+E[U(z)+ B (Jot+1)+ J(t+1))| G-

To solve the above system, notice that, since the unnormalized probability vector 7
is proportional to the conditional probability vector p, we can use 7 as the state vari-
able as long as we recognize that Jy and J; are homogeneous of degree 0 in 7, so that
Jo(am) = Jo(m), Jogl(om) = J9;1(7r) and J.(ar) = J(m) Ya € R. I look for a first order
approximation to the solution in terms of log deviations from the steady state conditional
distribution. In particular, denote by 7 the stationary distribution of the Markov chain
{#z:}+>0: ™ = A'T. Notice that 7 is the steady state conditional distribution in the limiting
case of arbitrarily uninformative signals where X' = 0. Introduce # to be the vector of
log deviations from the stationary distribution:

. | log7mj —log7;; j € af
Tt = { 0 j € ag R (Cl)

where 7, = f(y — &) ]kV:1 AkjTk¢—1 1S the unnormalized probability vector before con-
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ditioning on observations of default at date ¢, and approximate:

0Jo(T)
on

J0(7T)2 = Jo(f)Q + QJ()(ﬁ)

Jg(’/T) ~ Jo(f) + dzag(f)fr

0o(T) diag(T)T

d d o

1) g+ g

(U(2) + BE [Jo(mes1)| Fi)) = (U(2) + BJo(M))* + 2 (U(2) + BJo(T)) B

v

E [ Jo(mesn)| B (7P + 200(7) 5T diag (7).

. . . _ dJo(7) _ ‘9‘]9,1—1(?) _
For simplicity, denote: vo0 = Jo(T), Y01 = =5, 710 = Jed—1<7T), Y1 = —4—, Y0 = Je(7),
and v, = 8{57@, so that:

Jo(m) & Y00 + Y1 diag(T) 7
Jo(m)* = Y5y + 270070, diag (T) T
Jo-1 () & Mo + Y11 diag(T) T
Je R Yeo + Yo diag(T)7
(U(2) + BE [Jo(m1)| F]) = (U(2) + Byoo)” + 2 (U(2) + Bryoo) By diag(7) &
E [Jo(mi1)| Fil* = 25 + 2700701 diag (7).

Notice that the restrictions Jo(am) = Jo(7), Jagl(om) = Jagl(ﬂ') and J.(ar) = J(m)
imply that:

Z’Youﬁj = 0

JjEag
E M1,;7; = 0
j€ay
E W%Ljﬂﬁ = 0.
j€ag

Consider now the updating rule for log deviations from the steady state. Recall that
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unnormalized probabilities are updated according to:

N
T =y —&) ZAkﬁTka

k=1
or, equivalently,
Ty T Tk
2L =fy -5 > =
— i kj = =
T heay, 9Tk

Taking logs of both sides, we obtain the following updating rule for log deviations from
the stationary distribution:

A % * ﬁ -~
j=log fly” — &) +log [ 3 My=" exp(i)

keas, J

. . . N - .
Approximating once again around 7 = 0, we obtain:

-1
. . T — — .
j ~ log f(y — fj) -+ lOg Z )\k]?—k + Z )\kjﬂ'k Z )\kjﬂ'kﬂ'k-

k€ay keay k€ay

<

_ -1
Denote: Ly; = log (ZkeacB Akj%>, Ly, = (Zkea% )\kﬂrk) Akj, so that the first order
approximation to the evolution equation is given by:

5~ log f(y* — &) + Lo + LY;diag(T)7.

Notice also that, after observing the default state of firm i, *, the predicted vector of
conditional distribution is given by:

1y =log f(y" — &) +log Airj —logT;,  Vj € aj.

Similarly, approximate:

Substituting into the above system and equating coefficients, we obtain the following
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system:

Yoo =

Yoi,; =

T _
Jyt =

2710

Z%{ (&) +8 Y Ak (00 + 1 diag(T)diag (1, )[Aﬁﬁo])} (C.2)

JjEag k€ay
+5 Z Tj Z)‘Jl Jo'

JjE€ag

U)+ 8 Y M (Y00 + Yndiag(T)diag(Lag,)[A} + Lo]) (C.3)
k€ay
I

+5 Z AjiJg' = oo + Brordiag(T)diag(1ag, ) L1 Z Tk

i=1 Lk€ay
S Nk (U(€) + B [roo + diag(R)diag (L) (AL +£8.)])  (C4)
kEaB

+ZAZ o [U&e) + 85|

= 3 +2 Z TiXkB [0 + Y1 diag(T)diag(1, <) (AL + Lo)] (C.5)

J,k€ag
+ Z 7\ 3 [700 + 2790074, diag(T)diag(1, e) (A,lC + Eo)}
J.k€aG
- D Tk (U(E) + Bro0)”
Jk€ay
- 2p Z 7iAik [U(&5) + Byoo] '701dm9( )diag(la%) (Ai + EO)
J.k€ay
I
30D A (285 + B2 () = (U(&) + B
jeag =1
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2711,]'

2J931

I
T T i\ 2
27007015 + Yoo — 2710 + Z Ajir [2BJ931 + 57 (J7)" = (U(&) + BJ5) 10-6)
i=1

2 Z Akl [10 + Vi1 diag(T)diag(Lag, ) (Ag + Lo)]

keag
D 2B [0 + 2700701 diag(T)diag(Lag, ) (A} + Lo)]
k€ay
Z Nk (U (&) + 5700)
keay

28> " X [U(&) + Broo] Yoy diag(7)diag(1es,) (AL + Lo)

keay

26y diag(Mdiag(1as) sy S Tidu
Lkeas,

2670, diag(T)diag(Las, ) L) Z U&)miA ik
Lk€aG

= (L) 42D N [0 + yiidiag(F)diag(las) (A + L3)]  (C.7)
keay

+ Z P [730 + 2700761diag(f)dmg(1ac3) (A/IIC + £§i)}

keay
— Z ik ( ) + B700)

k€ag
- B Z it [ ) + By00) 01 diag(T)diag(Las,) (A +L§;)

keay

1
D N 2+ B2 () = (V&) + 87
j=1
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Yo = _700+ZZ7T3 ]z* BJTI 6J5TZ) (CS)

j€ag =1
+ > T [UE) + B (oo + 7o)

J.k€ay

+ B Z 7i\ik (Vo1 + Y1) diag(7T)diag(1, )(A,lﬁ—ﬁo)

J.k€ay

Yeij = —Voi,j — Yoo — Yeo + B (o1 + ’Yd)/ diag(T)diag(1, )ﬁ Tk (C.9)

l,keay

+ Z Ak [U(&5) 4 8 (Y00 + 7e0)]

keay

+ 0 Z Nk (Yor + va1) diag(7)diag(1, e) (A,lC + ,CO)

keay

I
+ > N (U&) + BIg + BIT)
=1

Jio= J 4+ Z Aje o )+ BJy + BJIT) (C.10)

+ Z Aivk [ )+ B (Y00 + 7Ye0)]

keay

+ B Z ik (Y01 + %1)/ diag(ﬁ)diag(la%) (Allc + ﬁgi) )

keag
where A} is a constant vector given by:

1 1

Allfj =75~ 5(5]’ —&)'SN (& — &)

Consider now the distortion to the conditional joint distribution of next period’s signals
and state. Recall that, in terms of the value function, this is given by:

x.p—1
exp <__5J(ded )>

o ()]

Taking a first order approximation around the point 9;1 = 07! = 0, we obtain:

Ot (211, Yea1) = 1= 07" B (Jo(mes1) — E [ Jo(mis1)| )
- (98—1 - 9;1) B (Je(mir1) — E[Je(mes1)| Fi]) -

P27 y") =
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Substituting for Jy and J., we obtain:

O(z*,y |z = &) = 1+ 05" (orj + P jdiag(T)i + ¢, 5 log f(y"))
+ (0,1 =071 (@oe + e jdiag(®) 7 + @), s log f(y7)),

where:
5 (S0 A J§ = 200 — Aydiag (7)diag (L) o
)
5 <Zi:1 )‘jz‘*Jg — Jg’“) +
Yo1,jk =

/a(zlexj*m— o = Yprdiag(7)diag(Leg ) L4 )

B (S5 Ajess G = 00 = Andiag(7)diag(Lag, L4,

Brpydiag(®)diag(la) L1 (Siea M = 1) Gk € ajy
Prljk = BL diag(T)diag(1a )y Zkea Jk je€ag,keagp
0 JE€ag

=B diag(T)diag(leg)  Jj,k € af
g1k = —Bdiag(T)diag(1 aB)701 J €agp,k €af
0 k € ap

B (S MieJ7 = Y0 — Ay diag(7)diag(Leg, ) o
+B Y teag, Mt [Ve0 + mdwg( )diag(lag (AL + L) J.k € ag
8 (Zi:l Ajir ST = JT’“) +
+B Y ieas Mt [Ve0 + Yadiag(T)diag(Lag ) (A} + Lo)] j € af, k € ap
B (Sl Arin J2 = 0 — vadiag(7)diag(Lug ) 8 )
+5 Zl@c il [760 + L diag(T)diag(1, )ng} J € ap,k € af
B (S0 A J2* = o = Fiadiag (7)diag(Lug ) £
| B X eay Aot [1e0 + Yadiag(F)diag(Lag, ) L5, ] j.k € ap

P0e,jk =

66

+5 ZlEac 4l ['YOO + Y1 diag(T )dzag(la (AI + Eo)] J,k€ag

L +6 Zlazc j*1 [’700 + Y01 diag(T)diag(1, )ﬁg]} J,k €ap

B2 eas, Mit [v00 + Yu diag(T)diag(Lag, ) (A} + Lo)] j € ah,k € ap

8 Dieag, Aii hoo + i diag(T)diag(lag ) LG;]  j € ap, k € afy

(C.11)

(C.12)

(C.13)

(C.14)



By diag(®)diag(Lug )Ly (Lie M —1) ik € af
Pre,jk = BL diag(T)diag(1as, )va Zk€a ik j€ag,keap (C.15)
0 J€ap

— By diag(7T)diag(1ae, ) J,k€ag
Oyejk = § —PBdiag(T)diag(1 aB)'761 j €ap,k€ay (C.16)
0 k € ap

Turn now to the distortion to the current period’s conditional probability vector. Recall
that this is given by:

s

E [exp (_U(z)%tgw(p*);od)) ‘ Qt} '

exp (_ U(z)mtéﬂJ(p*);ed))
Pi(z) =

Approximating once again around the point 6’d_1 = 07! = 0, we obtain:

Ui(z) = 1= (07" = 6071) B(E[ ()| Fi] — E[J(mi31)| Gi])
— 0.1 (U(2) + BE [ Jo(mes)| Fi] = E[U(2) + BJo(m41)] Gi)) -

Recall that, in terms of log-deviations from the steady state, p; = 7, (1 + 7, — 7'7). We
can represent:

V(&) = 140" (Gor + Gudiag(m)n) + (051 — 0.7) (Goe + G rcdiag(m)7)

where:
Gor= Y _ T UE) + 8D i [0+ diag(F)diag(Lag ) (AL + Lo)] (C.17)
l6aB kEaB
+‘ﬁgj£: le£:4xh Jb
leaB

I
=B Mk oo + v diag(®)diag(Lag ) (Ag + Lo)] — B N i

k€ag

Gk = —Croo + Brordiag(T)diag(1, )‘alk Z T Atm — Z Akl (C.18)

lymeay leay
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Goe =P Z Wl)\Zk %0‘*‘%161“19( )diag(1ag )(A +£0 +5Z7TZZ)\M*J’“ (C.19)

lkeay leay

- Z A [Yeo + Vo diag(T)diag(Lae ) (A + Lo)] — B Z Niix o,

keay

Giaek = —Croe + Byadiag(F)diag(Lag) Lo | D Fidim— Y Aua |- (C.20)

lymeag leag

C.2 Proof of Lemma 4.3

Notice first that, substituting the first order expansion to the value of equity of firm ¢ into
the worst-case Euler equation and equating coefficients on the powers of =1, we obtain
the following system for V;y and Vj:

Vi(m) = —Ci+ Y py |04y + 8 3 A 2rsl / TV — &)+ B A Vg

JjEag keay k#i

Vi = —Cit Ay + 8 | 3 Ae]2m5) / (TN — )+ 3 Ao Vi

keay k#1

=i [Cong A+ Gydiag(®)R] |64 + B Y Ak Vig!

jeas, ki
83 03 [ong + Gl liag (@A A 275, [ Vialr)af v - )
J.k€ag
+8 3 pwlrnd [ Vo)t - )
J:k€agh
+8 ) pide|2rT.,| / o(*) (wor,5k + Pi1 jrdiag(T)T + oy1 e log f(y* — &) df (" — &)
J.k€ay
+B8D i > Ak [V + Vit (o1, k+ + Py jrdiag(T) i )]
Jj€ay k#i
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20_1_52)\*k

278 [ [Viogs (5°) + Vi) (oo + oy o8 £67 = 60)] by = €0
keay

+ BZ )‘j*k* [Vzgk e Vo Po1 J*k*]
k#i

V=83 | 3 Al [ Vile ) - ) + 3 A

j€ay kea$ ki
75 —1
VP =83 A 275 / (TN — &)+ B NV,
keay

k#i

where A;; is the fundamental value of asset of firm ¢ in state j. Substituting the approx-
imations (4.23)-(4.25) and equating coefficients, we obtain:

l/@oo = _Cz + Z fj 5114” + 6 Z )\jk [Vi,OO + V;mdiag(ﬁ)diag(la%)(ﬁg + A;lc)] + B Z )\jk*‘/;gk

Jj€ag keag k#i

Viorj = 04+ 0 Z Ajk [Vioo + v 1 diag(T)diag(La, ) (Lo + A+ Z A Vi

keay k#£i

— Vigo+ Z A= Vigt + B g1 diag(T)diag(1as, ) L1 Tk

ki I, keas,

Vi = —C; + 0;Aije +BZ)\ e Vgt + 8 Z Ak VZOO+V101dZag( Ydiag(1, )(A,lc—i—ﬁ )}
k#£i keay

Vieo=p3 Z T Z Ak [Vieo + Vi qdiag(T)diag(Las, ) (Lo + A)] + Z)‘Jk Vi

JjE€ag keag k#i

Vi»[n J 5 Z )\Jk l/l €0 + v €1dzag( )dzag( )(‘CO + Ak + B Z )‘]k*
keay k#1
— Vi + 0 Z N Vidk + B g diag(T)diag(Las, ) LY TNk

k#i lk€ag
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V= Z N Vi + 3 Z Ak [Vi760 + ngddmg(ﬁ)dmg(la%) (A,lC + Egj)}

k#i keag

I/i710 = Z @Cjo (SZA” + ﬁ Z )\Jk*‘/;gk + 6 Z )\jk [I/Z',Qo + Vé,mdiag(f)diag(la%)(ﬁg + A,lc)}

jeas, ki keas,
+ 3 Z TNk [Vigo + Vi diag(T)diag(1ag ) (Lo + A)]
J:k€agh
+ 4 Z TNk [Vioo + v g diag(T)diag(Lae, ) (Lo + AL otk
J.k€ag
+ 8 Z TiXik [Vioo0 Py k% + Vi o diag(T)diag(Las ) Aoy ]
J.k€aG
+BY T Ajee [Vig“@m,jk* + ‘/;;31]
jeas, ki
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Vi,ll,j = CjO 51141] + ﬁ Z )\jk*‘/;‘gk —+ ﬂ Z >\jk [7/2‘7()() + V&Oldiag(ﬁ)diag(la%)(ﬁo + Allg)}

k#1 keay
+ B> A [0 + v ndiag(7)diag(Lag ) (Lo + A})]
keag
+ 8 Z >‘Jk: Vioo + Vi gy diag(7)diag(1, e )(Lo + A}g)} ©Yo1,jk — Vi,10
k€ag
+6 Z Ajke [V1.00940 6D + Vi gy diag(T)diag(1ag ) Afpy ] +5Z>\]k* [ w0 Po1 e + VIE ]
k€ay k#i

+ > Gy |84+ B A Vit + B> ik (vioo + v,y diag(T)diag(lag, ) (Lo + AL))

leay k#i keay
+ Bv; g diag(T)diag(1as,) L1 TGk + BV} 11 diag(T)diag(Lag, ) L] Z TiClo Ak
l,keay Lkeag
+ By, odiag(T)diag(1, )E TNk [9001,lk + 90;,1,ucA/1c] + 0 Z Zfz)\ug* Viok Qrt ke
l,keay leay k#i
+ 7 Z Tidi [Vioo + V1 diag(T)diag(Les, ) (Lo + AL)] 1k
l,k€ay
Vigr =8 > Aok [Vioo + VL gy diag (F)diag(Laeg, ) (L£3; + A})] o1 gk
keag
+p Z Ajek Vz 00%13 Wy + ] mdmg( )diag(1, )Ak@ylj k}
k€ay
+6 Z Ajek [Vi,lo + Vé,ndiag(f)dwg(lag)(ﬁgj + Allcﬂ + 0 Z Aje ke (Vz‘gk¢l (&= 1€5+) + Vzggl)
keas, ki

where A? is a constant matrix given by:

2 — -1 1 * —\/y =17 % — 1 * —\/v—17 % — *
Amﬁﬂ%ﬁA2/(¢y—Q—uﬂ%@/—@—@)(?y—@—uﬂ%@/—&—m)#@—fw
(& — &) 20 (& — )] [(& — &) (& — &) + }1(&: - &) N6 — &)

(& —&)'S (&—&H%&—mﬁf@wfﬁ+z

¢>|P‘¢;|F4

D Risk aversion benchmark

In this section, I investigate the performance of a power utility model in explaining the
time series evolution of credit spreads and equity prices. Instead of solving the portfolio
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allocation problem of the representative risk-averse agent, I take the stochastic discount
factor as given. In particular, let S;;ys be the stochastic discount factor between dates
t and t + s. In an economy where the representative agent evaluates consumption paths
using a power utility function:

Ko

1—

where K; = K(z) = S.1_, 6;Ai(z) is the level of consumption at date ¢ and v > 0 is the
degree of risk aversion, the stochastic discount factor is given by:

u(ly) =

_7

Sti+s = ﬁs t+s (D.1)

Consider first the CDS spread on a swap with maturity 7" = ¢+ 6n on the consol bond
of firm 7. In the economy with the risk-averse representative agent, this is given by:

2X.E [B”‘”C‘”lmﬂ G/

Cit,qj =
) = S S e e 0T
Notice that:
Tt
E [ﬁTz‘*thﬁlTKT! G] = ZBSE [171':“8’@:5} G
s=1
6s
E [Kilsslnsires| G] = E[Kies| Ge] — ZE [Kileslr—tk| Gt -
k=1
Let qfn) P(2ten =&y Ztan1 # &o -5 21 # §jl 20 = &) be the probability that £ +n

is the first hitting time of §; conditional on being in state ¢ at date ¢. Then:
N
E [lct__gs]-n:t—&-s‘ gt] = Z:pjltqg('f’zIC(CLBi)_7
=1

E[K LG = D pnd {N},K&) ™

j€as k=1
E[’C;ﬁaln:tﬂz‘gt] - Zpﬁqﬂ Z{Asl 82} K(&)™
anB

Table VIII presents the 5 year CDS spreads on the financial institutions for different levels
of risk aversion at four of interest — before the start of the crisis, July 2007, at the start
of the crisis in August 2007, after the bailout of Bear Stearns in March 2008 and after
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the liquidation of Lehman Brothers in September 2008 — together with the observations
of the 5 year CDS spreads at these dates. Notice first that while the model-implied credit
spreads do increase during the crisis, the magnitude of the model-implied spreads remains
much smaller than that of the observed CDS spreads. The only exception is JP Morgan,
the model-implied spreads for which exceed the observed ones during the crisis. Notice
also, that the dependence on the degree of risk aversion is not monotone. In particular,
although the spreads increase initially as the degree of risk aversion increases, further
increases in risk aversion decrease the model-implied CDS spreads.

(Table VIII about here.)

Consider now the date t price of a claim to the equity of firm i. Using the stochastic
discount factor of the risk-averse agent, the equity price satisfies the Euler equation:

Vit = E[6;Ai — Ci + St4+11r5141Vint1| Gl - (D.2)

Similarly to the case with model misspecification, I look for a first order approximation
to the equity price in terms of log deviations from the steady state:

‘/1'71(7'(}) = Vir0 + Vz{r’ldiag(ﬁ)ﬁ't + Oz(ﬁ't)

Substituting into the Euler equation and equation coefficients, we obtain:

(€)™
Viro = Z T 0A; —Ci+ B Z %)\jk [Viro + Vi, diag(T)diag(1, (Eo +Ay)]

]GG«CB kE(l(’B (5])
_ K ()"
+/B Z 7Tj Z Ajk*
j€as ki IC(S ) K
Virnj = 0,4 —Ci+p Z Ajk VWO + v}, diag(T)diag(1, (,CO + A )}
keay
(€)Y
+3 Z >\]k* — Viro + BV}, diag(T)diag(1ee,) L1 ﬁl)\lk(g—k)_.
kit Lk€as k&)™
B
Similarly, at the time of default of firm 7, the equity price of firm i solves:
Vil = §;Ai—Ci+ 8 Z Njk [Viro + Vi1 diag(7)diag(1, ¢ ) (Lo + Lidiag(T)w + A})]
kEaB
+/6 Z )\ *k* — ‘/Z:k .

k#i
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Sr

BAC BSC Citi GS JPM MER MS WB WFC
7.40 7.98 9.66 5.54 10.00 9.21 9.11 9.37 9.13
9.83 6.92 9.58 5.29 9.99 9.10 9.00 9.28 9.02
9.75 7.93 6.91 5.19 9.92 9.08 8.98 9.27 8.99
9.74 7.91 9.55 0.13 9.91 9.04 8.97 9.25 8.95
9.86 7.99 9.71 5.57 8.00 9.01 8.91 9.17 8.86
9.98 8.07 9.90 5.99 10.11 8.02 8.87 9.16 8.85
9.89 7.99 9.73 5.66 10.03 9.12 6.82 9.14 8.85
9.73 7.91 9.54 5.19 9.91 8.98 8.88 7.49 8.84
9.75 7.92 9.59 5.21 9.95 9.01 8.90 9.19 7.05
9.73 7.88 9.52 5.05 9.90 8.99 8.87 9.14 8.84
9.74 7.94 958 528 991 904 891 916  8.88
9.86 801 973 566 10.02 9.12 899 927  8.98
9.69 7.89 9.49 5.10 9.90 8.98 8.85 9.10 8.80
9.71 7.89 9.54 5.16 9.88 9.02 8.87 9.13 8.85
9.71 7.91 9.55 5.14 9.90 9.01 8.87 9.13 8.83
9.78 7.94 9.60 5.37 9.95 9.03 8.93 9.18 8.89
9.75 7.92 9.57 5.30 9.93 9.03 8.92 9.18 8.87
9.83 7.97 9.67 5.47 10.00 9.09 8.98 9.23 8.96
Ce
106 482
P
BAC BSC Citi GS JPM MER MS WB WFC
0.20 0.00 0.09 0.01 0.27 0.09 0.09 0.06 0.01
Qc
99.32  0.68
0.54 99.46
Q2
54.90 2.74 2.63 2.56 2.71 2.68 2.60 2.58 2.66 2.70 2.53 2.63 2.73 2.64 2.63 2.63 2.70 2.75
2.58 55.04 2.61 2.68 2.69 2.73 2.66 2.66 2.65 2.66 2.59 2.57 2.62 2.64 2.69 2.59 2.74 2.61
2.63 2.65 55.12 2.65 2.60 2.59 2.72 2.66 2.71 2.68 2.67 2.65 2.59 2.69 2.57 2.57 2.63 2.62
2.63 2.65 2.61 55.08 2.63 2.75 2.53 2.63 2.68 2.62 2.65 2.65 2.63 2.69 2.67 2.62 2.69 2.62
2.62 2.64 2.57 2.73 54.93 2.60 2.73 2.63 2.70 2.62 2.66 2.59 2.59 2.73 2.66 2.62 2.70 2.68
2.68 2.64 2.67 2.62 2.63 54.99 2.80 2.59 2.59 2.64 2.59 2.65 2.55 2.77 2.68 2.57 2.70 2.62
2.79 2.66 2.64 2.67 2.67 2.61 54.87 2.68 2.70 2.58 2.67 2.67 2.63 2.69 2.66 2.59 2.63 2.60
2.65 2.54 2.76 2.65 2.75 2.76 2.47 54.97 2.69 2.63 2.72 2.65 2.54 2.61 2.72 2.61 2.65 2.62
2.70 2.67 2.60 2.64 2.84 2.67 2.65 2.66 54.98 2.59 2.52 2.58 2.73 2.64 2.67 2.73 2.56 2.57
2.73 2.58 2.65 2.70 2.64 2.63 2.74 2.62 2.67 54.76 2.69 2.56 2.69 2.62 2.74 2.67 2.58 2.73
2.70 2.58 2.71 2.64 2.58 2.65 2.68 2.62 2.51 2.78 55.04 2.71 2.61 2.57 2.62 2.68 2.66 2.65
2.63 2.65 2.58 2.68 2.62 2.57 2.61 2.62 2.57 2.66 2.75 55.23 2.62 2.56 2.66 2.69 2.74 2.57
2.64 2.66 2.64 2.57 2.57 2.75 2.69 2.66 2.64 2.67 2.60 2.57 55.08 2.53 2.64 2.76 2.64 2.69
2.58 2.59 2.63 2.60 2.64 2.69 2.65 2.61 2.65 2.63 2.61 2.58 2.68 54.96 2.60 2.73 2.79 2.81
2.61 2.66 2.67 2.66 2.60 2.59 2.67 2.65 2.75 2.67 2.75 2.66 2.60 2.60 54.82 2.71 2.68 2.63
2.74 2.67 2.53 2.65 2.65 2.61 2.66 2.73 2.72 2.61 2.62 2.72 2.62 2.76 2.70 54.82 2.51 2.65
2.67 2.65 2.61 2.58 2.70 2.66 2.68 2.71 2.68 2.61 2.65 2.60 2.70 2.59 2.74 2.70 54.87 2.58
2.59 2.64 2.66 2.63 2.52 2.64 2.67 2.69 2.65 2.64 2.66 2.76 2.62 2.72 2.61 2.70 2.71 54.88
Su
BAC BSC Citi GS JPM MER MS WB WFC CS10
BAC 31.92 3.85 8.56 -0.05 7.85 3.71 5.99 6.69 5.76 0
BSC 3.85 25.47 3.85 0.01 4.02 2.34 3.14 3.63 2.81 0
Citi 8.56 3.85 32.76 -0.04 7.49 3.80 6.21 6.67 6.23 0
GS | -0.05 001 -0.04 1445 -0.03 0.0l  -0.06 -0.02  -0.03 0
JPM 7.85 4.02 7.49 -0.03 35.26 4.10 5.10 7.12 5.23 0
MER | 371 234 3.8 001 410 2542 2096  3.63  3.08 0
MS 5.99 3.14 6.21 -0.06 5.10 2.96 27.16 4.76 4.32 0
WB 6.69 3.63 6.67 -0.02 7.12 3.63 4.76 29.20 4.88 0
WFC 5.76 2.81 6.23 -0.03 5.23 3.08 4.32 4.88 27.54 0
CS10 0 0 0 0 0 0 0 0 0 72.93

Table III: Reference model parameters estimated using the MCMC procedure of Appendix
A. The transition probability matrices {2y and €2, as well as the covariance matrix X, are
reported in percentage terms. The parameters are estimated using 10000 draws from the

Gibbs sampler, with a 1000 draw burn-in period.
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Pre-crisis Pre- Bear Stearns Pre- Lehman Brothers

o 0.23 0.21 0.29
a (0.017) (0.028) (0.018)

g1 064 0.65 0.69
s (0.021) (0.029) (0.019)

MSE 263 1.04 8.51

Table IV: Estimates of investors’ degree of aversion to ambiguity about the underlying
dynamics, 051, and degree of aversion to the filter distribution, 6. Half-width of the
95% confidence intervals are reported in parentheses. Mean Squared Error (MSE) is the
average squared error between the observed CDS rates and the model-implied CDS rates
for all institutions, maturities, and observations. Draws are made using the Metropolis-
Hastings procedure of Section 5.2.

BAC BSC  Citi GS JPM MER MS WB  WFC
Jul 31 07 36.2 161.7 372  81.2 95 4.7 7.2 395 3359
296 513 349 71.2 547 738 73.2 393 387
Aug 31 07 39.7 1357 455 68.8 454 T71.7 68.8 394 35
22.1 1287 414 365 432 722 64.7 323 322
Mar 31 08 86.8 122.7 138.2 115 875 1958 1539 1428 &0.8
65.1 157.0 128.62 133.9 853 109.7 934 832 909
Sep 30 08 170 143.3 301.7 4525 143.8 410.8 1022 385.8 170
102.7 1445 486.4 482.8 152.6 380.03 3173 386.5 138.1
Oct 31 08 133.1 120.2 1976 313.3 1199 2162 4133 121  97.2
133.3 161.3 178.8 380.7 146.6 203.5 416.26 131.3 93.1

Table V: Observed 5 year CDS rates and model-implied 5 year CDS rates at five different
dates. The reference model parameters are estimated using the Gibbs sampling procedure
of Appendix A; the degree of aversion to ambiguity about the underlying dynamics, 6",
and the degree of aversion to ambiguity about the filter distribution, 6!, are estimated

using the Metropolis-Hastings algorithm of Section 5.2.
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Panel A: Misspecified Model

BAC BSC Citi GS JPM MER  MS WB  WFC
Jul 31 07 5.15 9.54 10.04 13.32 11.65 10.80 13.34 11.02 10.96
100.43 -18.79 -25.16 256.87 -9.95 -32.18 47.10 -26.28 -28.05
Aug 31 07 2.61 11.74 13.42 3.77 13.01 16.03 9.11 15.03 15.32
-49.44  23.04 33.73 -71.71 11.64 4839 -31.73 36.44 39.81
Mar 31 08 4.81 0.00 16.22 5.12 11.64 13.42 9.08 12.83 13.01
511  -100.00 19.85 37.19 -9.44 -15.05 0.53 -13.45 -13.90
Sep 30 08 4.27 B 9.55 10.31 11.50 10.47 13.77 10.74 10.66
20.39 -42.75  155.77 -0.53 -23.03 59.41 -16.98 -18.83
Oct 31 08 5.00 B 13.86  4.55 1044 11.81 825 11.34 11.49
17.20 45.09 -55.83 -9.24 12,77 -40.09 5.61 7.72
Panel B: Reference Model

BAC BSC Citi GS JPM  MER  MS WB  WFC
Jul 31 07 16.47 16.47 16.47 16.47 1647 16.47 16.47 1647 16.47
0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
Aug 31 07 16.46 16.46 16.46 16.46 16.46 16.46 16.46 16.46 16.46
-0.03  -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03
Mar 31 08 11.23 0.00 11.26 11.23 11.21 11.19 11.21 11.22 11.21
-31.74 -100.00 -31.63 -31.79 -31.88 -31.98 -31.90 -31.81 -31.87
Sep 30 08 11.23 B 11.25 11.25 11.26 11.22 11.21 11.22 11.22
-28.05 -27.97 -27.99 -27.92 -28.12 -28.18 -28.13 -28.15
11.32 11.35 11.34 11.35 11.32 11.31 11.32 11.31

Oct 31 08 —
0.81 0.85 0.84 0.79 0.84 0.85 0.87  0.85

Table VI: Expected time to default and the percentage change in the expected time to
default relative to previous month for different financial institutions. Panel A: expected
time to default perceived by the misspecification-averse agent. Panel B: expected time to
default under the reference model. The reference model parameters are estimated using
the Gibbs sampling procedure of Appendix A; the degree of aversion to ambiguity about
the underlying dynamics, 051, and the degree of aversion to ambiguity about the filter
distribution, 6!, are estimated using the Metropolis-Hastings algorithm of Section 5.2.
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July 31, 2007

Main  6;1=0 6;'=0
BAC | -5.53 -0.82 -14.20
BSC | -71.79  -53.66  -5.90
Citi | 31.10 -7.75 3.55
GS 1.19 0.59 1.88
JPM | -3.42 15.32 3.09
MER | -6.05 4.52 0.35
MS | -1.41 -0.15 0.59
WB -2.12 0.98 -1.18
WFC | 3.01 -3.67 0.95
‘ August 31, 2007
Main  6;1=0 6,7 =
BAC | -17.38 -2.52 -44.33
BSC | -61.64 -4849  -5.16
Citi | -77.8 20.15 -9.01
GS -29.22  -14.97  -46.95
JPM 5.51 -22.82 -4.85
MER | -12.13 9.07 0.7
MS | 14.53 1.45 -5.96
WB | -31.98 1523  -18.02
WFC | -25.14 31.14 -8
‘ March 31, 2008
Main 60;'=0 6;'=
BAC | 1.22 -22.47 -25
BSC | 53.14  31.05 27.95
Citi -6.98 -44.97 -6.93
GS 18.7 6.7 16.43
JPM | -28.23  -53.49 -2.51
MER | -45.49  -68.65  -43.97
MS | -42.18 -67.52 -39.31
WB | -45.67 -70.22  -41.74
WFC | 6.84 -40.22 12.5

|

September 30, 2008

Main  6;1=0 6;'=0
BAC | 12.59 2.24 -39.59
BSC | -0.28 15.35 0.84
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Citi | 61.37 44.14 61.22
GS | -66.27  -22.98 6.7

JPM | 21.32 -6.95 6.12
MER | -7.28 15.86 -7.49
MS | -65.75 -63.05  -68.95
WB 1.56 18.53 0.18
WFC | -18.53 -14.18  -18.76

|

October 31, 2008
Main  6;1=0 6;'=0
BAC | -0.69 -0.10 -1.77
BSC | -108.75 -81.28 -8.93
Citi | -92.31 23.02 -10.54
GS 0.37 0.18 0.59
JPM | -4.69 21.02 4.25
MER | -11.10 8.29 0.64
MS -1.53 -0.16 0.64
WB | -49.26 22.82 -27.47
WEFC | -28.55 34.80 -9.03

Table VII: Percent deviation between the observed 5 year CDS rates and model-implied
5 year CDS rates for different ambiguity aversion specifications at five different dates.
“Main” refers to the setting in the main body of the paper, with the representative
agent averse to ambiguity about both the underlying dynamics and the filter distribution;
071 refers to the case when the representative agent is averse to ambiguity about the
underlying dynamics only; 6,' = 0 refers to the case when the representative agent is
averse to ambiguity about the filter distribution only. The reference model parameters
are estimated using the Gibbs sampling procedure of Appendix A; the degree of aversion
to ambiguity about the underlying dynamics, 9;1, and the degree of aversion to ambiguity
about the filter distribution, 6!, are estimated using the Metropolis-Hastings algorithm
of Section 5.2.
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July 31 2007

Data | y=0 0.5 1 2 3 4 5)
BAC | 36.2 1.3 1.4 1.6 1.7 1.7 1.5 1.2
BSC | 161.7 | 1.6 1.6 1.6 1.6 1.4 1.0 0.7
Citi | 37.2 14 1.5 1.5 1.6 1.5 1.2 0.9
GS 81.2 1.4 1.4 1.3 1.2 1.0 0.8 0.5
JPM 55 1.2 1.8 2.7 5.7 10.8 179 259
MER | 74.7 14 1.5 1.6 1.7 1.6 14 1.0
MS 75.2 14 1.5 1.6 1.8 1.7 1.5 1.1
WB | 39.5 14 1.5 1.6 1.7 1.7 1.5 1.1
WEC | 35.9 1.4 1.5 1.6 1.7 1.7 1.4 1.1
August 31 2007
Data | y=0 0.5 1 2 3 4 5)
BAC | 39.7 1.9 2.1 2.2 2.5 2.5 2.2 1.7
BSC | 135.7 | 2.1 2.1 2.1 2.0 1.7 1.3 0.9
Citi | 45.5 2.0 2.1 2.2 2.2 2.1 1.7 1.2
GS 68.8 2.0 2.0 1.9 1.8 1.5 1.1 0.7
JPM | 45.4 1.8 2.6 3.9 8.2 156 259 375
MER | 71.7 2.0 2.1 2.2 2.4 2.3 2.0 1.5
MS | 68.8 2.0 2.1 2.3 2.5 2.5 2.2 1.6
WB | 394 2.0 2.1 2.3 2.5 2.5 2.1 1.6
WFC | 35 2.0 2.1 2.3 2.4 2.4 2.0 1.5
March 31 2008
Data | y=0 0.5 1 2 3 4 5)
BAC | 86.8 | 19.0 194 196 192 173 139 9.9
BSC | 122.7 | 861.4 795.8 729.6 591.7 4454 301.7 181.3
Citi | 1382 | 19.5 193 189 174 147 11.1 7.4
GS 115 20.2 188 174 142 10.7 7.2 4.2
JPM | 875 | 186 26.2 36.5 679 116.0 176.8 237.7
MER | 1958 | 204 206 206 196 172 134 9.3
MS |[1539| 19.9 202 204 19.8 177 14.1 9.9
WB | 1428 | 19.8 20.1 202 195 173 13.7 9.5
WFC | 80.8 | 19.7 199 20.0 19.1 16.8 13.2 9.2
September 30 2008
Data | vy=0 0.5 1 2 3 4 5)
BAC | 170 19.2 196 198 195 175 14.1 10.0
BSC | 143.3 | 19.8 188 17.7 149 11.6 8.1 4.9
Citi | 301.7| 198 19.6 192 177 150 11.3 7.5
GS | 4525 | 19.7 184 170 139 105 7.0 4.1
JPM | 1438 | 175 246 343 639 109.2 166.4 223.8
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MER | 410.8 | 19.7 199 19.8 189 166 13.0 9.0
MS | 1022 | 200 203 205 199 17.8 142 99
WB |38.8| 201 204 205 19.7 175 139 9.7
WFC | 170 | 19.7 20.0 20.0 19.2 169 133 9.2

Table VIII: Observed five year CDS and implied CDS for different levels of the risk
aversion coefficient, v, at four different dates. v = 0 corresponds to the case of risk-
neutral investors, which is the reference model case in this paper. The reference model
parameters are estimated using the Gibbs sampling procedure of Appendix A.
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Figure 1: Evolution of the five year CDS spreads for financial institutions over the course
of the crisis. Data source: Datastream
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Figure 2: Event tree for the three period economy in Section 3.
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Figure 3: Misspecified probability tree for the three period economy in Section 3.
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Figure 4: Ambiguity premium as a function of ambiguity aversion in an Ellsberg-style
experiment with the prize-wealth ratio equal to 1 percent.

85



Distorted probability of an up movement

Figure 5: Distorted probability of an up movement for various levels of ambiguity aversion.
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Distorted probability of high state

Figure 6: Distorted probability of the high state for various levels of ambiguity aversion.
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Distorted probability of default
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Figure 7: Distorted probability of default for various levels of ambiguity aversion.
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Entropy due to dynamics misspecification
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Figure 8: Contribution to entropy for various
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Figure 9: Filtered estimates of fundamental asset value evolution (left-hand scale) and
the observed book value evolution (right-hand scale) for different financial institutions.
Parameters are estimated using the Gibbs Sampling procedure of Appendix A with 10000
draws and 1000 draw burn-in. The different states are weighted using the reference model
conditional probabilities.
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Dynamics
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Figure 10: Components of relative entropy between the reference and misspecified models
over time. Upper panel: entropy due to misspecification of the joint signals and states
dynamics; central panel: entropy due to misspecification of the current period conditional
probability; lower panel: total entropy. The right hand scale in each panel is the three
month moving average of the corresponding entropy measure. The degree of aversion to
ambiguity about the underlying dynamics, 9;1, and the degree of aversion to ambiguity
about the filter distribution, 67!, are estimated using the Metropolis-Hastings algorithm
of Section 5.2.
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Figure 11: Value of equity under the misspecified model (left-hand scales) and the ob-
served value of equity (right-hand scale) of the different financial institutions over time.
The degree of aversion to ambiguity about the underlying dynamics, 051, and the de-
gree of aversion to ambiguity about the filter distribution, 6!, are estimated using the
Metropolis-Hastings algorithm of Section 5.2.
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